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We  report  detailed  characterization  of a vacuum  sealed  rate  integrating  silicon  MEMS  gyroscope.  The new
gyroscope  utilizes  geometrically  symmetric,  dynamically  balanced  quadruple  mass  architecture,  which
provides a  combination  of  maximized  quality  (Q)  factors  and  isotropy  of both  the  resonant  frequency
and  damping.  The  vacuum  sealed  SOI prototype  with  a  2 kHz  operational  frequency  demonstrated  vir-
tually  identical  X- and Y-mode  Q-factors  of  1.2 million.  Due  to  the  stiffness  and  damping  symmetry,  and
eywords:
EMS gyroscope

ngle measuring
hole angle

ate integrating
uality factor

low  energy  dissipation,  the gyroscope  can  be instrumented  for  direct  angle  measurements  with  funda-
mentally  unlimited  rotation  range  and  bandwidth.  Experimental  characterization  of the  mode-matched
gyroscope  operated  in  whole-angle  mode  confirmed  linear  response  in  a ±450◦/s  range  and  100  Hz
bandwidth  (limited  by  the  experimental  setup),  eliminating  both  bandwidth  and  range  constraints  of
conventional  open-loop  Coriolis  vibratory  rate  gyroscopes.

© 2012 Elsevier B.V. All rights reserved.

andwidth

. Introduction

In the past decade micromachined vibratory gyroscopes have
eceived increased attention from automotive and consumer elec-
ronics industries. All commercial MEMS  gyroscopes are angular
ate measuring sensors employing energy transfer from the closed-
oop drive to the secondary sense-mode [1].  The resolution and
ensitivity of MEMS  gyroscopes are often improved by maximiz-
ng Q-factors and reducing frequency mismatch between the two

odes of vibration [2]. Mode-matched silicon gyroscopes with Q
bove 100,000 have been demonstrated to provide sub-degree-
er-hour bias stability in a limited measurement bandwidth [3–5].

mprovement of rate bandwidth is typically addressed by operating
he sense-mode in a closed loop, or force-rebalance mode [6].  The
rade-off however is the noise increased by a closed loop gain, as
ell as the limited range of an input rate defined by the feedback

oltage required to rebalance the proof-mass.
An alternative to the force-rebalance electronic architecture is

he whole-angle mode of operation, which provides fundamen-
ally unlimited input range and measurement bandwidth [6].  The
hole-angle, or rate integrating mode allows to measure the angu-

ar position or orientation of an object directly from the proof-mass
otion, without numerical integration of an angular rate signal. The
ngle output is useful for inertial navigation, azimuth (North direc-
ion) tracking [5],  and orientation setting in dead-reckoning and
argeting systems, especially in GPS-denied environments [7].  In

∗ Corresponding author.
E-mail address: igor.prikhodko@gmail.com (I.P. Prikhodko).

924-4247/$ – see front matter ©  2012 Elsevier B.V. All rights reserved.
oi:10.1016/j.sna.2012.01.029
addition, the whole-angle mode has an extremely accurate angu-
lar gain factor, which to the first order is independent of material
properties or electronics, and defined purely by the geometry of a
proof-mass [8].

To enable whole-angle measurements, sensor requirements
for structural symmetry and Q-factors are more stringent than
for rate measurements, and call for new design architectures.
For instance, the macro-scale hemispherical resonator gyroscope
(HRG) with sub-arc-second angle resolution requires isotropic Q-
factors as high as 26 million [8].  Achieving this level of damping
and stiffness symmetry (e.g. 10−4 Hz) across process variations of
conventional silicon MEMS  technologies is very challenging. To
implement a rate integrating gyroscope in silicon MEMS,  a lumped
mass design was first introduced in [9],  and later feasibility of the
approach was  demonstrated in [10]. Recently, we also proposed the
interchangeable rate and whole-angle operation [11], making one
mechanical structure suitable for high precision and wide range
measurements.

The latest advances in design [12] and packaging of silicon
MEMS  devices [13,11] enabled vibratory gyroscopes with Q-factors
above 0.5 million and energy decay time constants of at least 1 min.
High Q-factors and long dissipation times inspired the development
of angle measuring MEMS  gyroscopes based on free vibrations
[14]. While final realization of an angle measuring concept may
require closed loop to sustain energy [10,15–21] for operating times
exceeding several minutes, in this paper we present the first exper-

imental demonstration of the direct angle measurements in free
vibrations. Fig. 1 shows the vacuum sealed quadruple mass gyro-
scope (QMG) with isotropic dissipation constant of 3 min used for
the experimental demonstration.

dx.doi.org/10.1016/j.sna.2012.01.029
http://www.sciencedirect.com/science/journal/09244247
http://www.elsevier.com/locate/sna
mailto:igor.prikhodko@gmail.com
dx.doi.org/10.1016/j.sna.2012.01.029
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width [6]. This can be explained by the free, unconstrained motion
ig. 1. Photograph of a fabricated 100 �m thick SOI quadruple mass gyro (QMG)
ith the illustration of the whole-angle operation.

Section 2 introduces the whole-angle operating principles and
he error model of an angle measuring gyroscope. In Section 3
e discuss the QMG  design, structural parameters, fabrication and

acuum packaging. Section 4 describes detection algorithms and
lectronics for real-time angle measurements. Structural, thermal,
nd angle measurement characterization of the sensor are intro-
uced in Section 5, followed by a bandwidth comparison for whole
ngle and rate measuring modes. Section 6 concludes the paper
ith a summary of results. Appendix A reviews the dynamics of

he rate integrating gyroscope (Foucault pendulum) for both ideal
nd non-ideal cases.

. Whole-angle mode of operation

In this section we describe the operating principle and the fun-
amental error model for an angle measuring gyroscope.

.1. Operating principle

An ideal angle measuring vibratory gyroscope is a 2-D isotropic
ass-spring system vibrating with the natural frequency ω. In pres-

nce of the inertial rotation with the rate �,  the equations of motion
n terms of x, y displacements are (relative to a gyroscope non-
nertial frame) [6]:

ẍ + (ω2 − k2�2)x − k(2�ẏ  + �̇y) = 0,

ÿ + (ω2 − k2�2)y + k(2�ẋ  + �̇x) = 0,
(1)

here k is the angular gain factor defined by the geometric struc-
ure of the gyroscope. Theoretical maximum for the geometric
onstant is k = 1 . The centrifugal �2 and angular acceleration �̇
erms are included to account for the bandwidth and wide range
f input rotations. The dynamics of Eq. (1) also assumes negligible
amping and free vibrations, which can be achieved for gyroscopes
ith high Q-factors and long energy dissipation time constants. The
ynamics of a non-ideal gyroscope is summarized in Section 2.2 and
ppendix A.

As shown in Appendix A, the general solution of Eq. (1) is either a
traight line or an orbital (elliptical) trajectory motion in x–y plane
ith parameters a, q, �0, �, describing semi-major, semi-minor
xes, the initial inclination angle, and the orbital phase, respec-
ively, Fig. 2. The parameters a and q can be thought of as the
mplitude and the quadrature of the proof-mass motion in x–y
Fig. 2. Orbital trajectory of a proof-mass motion in response to the inertial rate �,
showing the amplitude and quadrature a, q, the inclination angle �, the vibration
frequency and phase ω,  � in x–y plane.

plane. For a straight line oscillation (zero quadrature q = 0) the solu-
tion simplifies to:

x = a cos

(
�0 − k

∫ t

t0

�(�) d�

)
cos(ωt + �),

y = a sin

(
�0 − k

∫ t

t0

�(�) d�

)
cos(ωt + �),

(2)

which shows that in presence of inertial rotation, the vibration
pattern precesses with the angular rate −k� relative to the gyro-
scope’s reference frame. In other words, the variable inclination
(precession) angle � of the orbital trajectory is proportional to the
orientation angle of a gyroscope:

� = �0 − k

∫ t

0

�(�) d�, (3)

which holds for arbitrary initial conditions, see Appendix A. As fol-
lows from Eq. (2),  the instantaneous changes in the precession angle
� can be detected by monitoring x, y read-out signals according to:

� = arctan
(

y

x

)
. (4)

Angle detection algorithms for the general case are presented in
Section 4.

Eq. (3) describes the governing principle for the whole-angle
operation (rate integrating). The whole-angle mode is based upon
the classical Foucault pendulum operation, where the axis of
vibration is allowed to precess freely in response to the inertial
rotation, Fig. 3. For the ideal case with q = 0, k = 1, Fig. 3(a), an
orientation of the free vibrating axis remains fixed in the inertial
space, thereby providing an instantaneous orientation reference.
The gyroscope’s precession angle in this case is equal to the angle
of input rotation. This principle was  first discovered by Bryan in
1890 [22] for wine glass structures (k = 0.3) that are used now for
inertial grade gyroscopes, such as HRG. Unlike the conventional
rate measuring mode, where the axis of vibration is effectively
locked to the intended drive direction, Fig. 3(b), the whole-angle
mode poses no fundamental limitation to the input range or band-
of the proof-mass. The ultimate maximum of the rotation rate and
measurement bandwidth is defined by the resonant frequency of
the device, which is typically on the order of 1–10 kHz (hundreds
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Fig. 3. Conceptual demonstration of the conventional rate and angle measuring
modes in x–y plane, simulations. While the proof-mass oscillations are free and
unconstrained in the whole-angle operation, the motion is effectively locked to the
intended drive direction (x-axis) in the rate mode. (a) Whole-angle (rate integrating)
mode: precession of the vibration axis in response to an inertial rotation, with the
precession angle equal to the rotation angle. (b) Conventional rate mode: sense-
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3. Transducer design and instrumentation
ode oscillations induced by an inertial rotation, with the amplitude proportional
o  the angular rate. The y-axis scale differs.

f thousands degrees per second) for silicon MEMS  vibratory
yroscopes.

.2. Whole-angle gyroscope error model

The above conceptual analysis of the whole-angle operating
ode assumes isotropic stiffness and negligible damping. The

ngle drift in presence of imperfections was derived in [6,23]
y the method of averaging, and summarized in Appendix A.
or mismatches �ω  = (ω2

1 − ω2
2)/(2ω) in frequencies �1,2, and

(1/�) = 1/�1 − 1/�2 in energy dissipation time constants �1,2, the
ngle drift for non-ideal gyroscope is:

˙
 = −k� + 1

2
�

(
1
�

)
sin 2(�  − ��) + �ω  cos 2(�  − �ω)

aq

a2 − q2
, (5)

here �� , �� are the angle differences between the x and y pick-off
xes and principal axes of �1 damping and �2 elasticity, respec-
ively. This equation reveals the periodic nature of the angle drift;
rrors are averaged out for fast spinning objects. The minimum
etectable angle derived from Eq. (5) is limited by the mismatches

n device damping and frequency:
�̇drift| ≤ 1
2

∣∣∣�(
1
�

)∣∣∣ + q

a
|�ω|. (6)
tuators A 177 (2012) 67– 78 69

In practice, the term (q/a)|�ω| is compensated either by electro-
static or mechanical trimming of stiffness asymmetry [24] to null
�ω or by quadrature control to null q [17,19].

In contrast, the damping asymmetry is the major drift source
in angle measuring MEMS,  and requires highly isotropic Q-factors
to overcome this limitation. According to Eq. (5) with �ω = 0, pres-
ence of the term �(1/�)  results in a false precession of the gyroscope
�̇ /= 0 for zero input � = 0 . Different decay time constants for each
x and y direction, e.g. �1 > �2, cause the vibrating axis to swing
toward the axis of least damping, �2 . The rate of this drift is defined
by the damping mismatch �(1/�),  which determines the ultimate
performance of the sensor.

The damping mismatch �(1/�)  can be also presented in terms
of the Q-factor mismatch �Q/Q and the average time constant � :

�
(

1
�

)
= 1

�1
− 1

�2
= �Q

Q

1
�

, (7)

showing that the damping mismatch-induced error can be further
reduced by maximizing Q or � . The error analysis suggests that
mismatches in frequency (aniso-elasticity) and energy decay time
constants (aniso-damping) often arising from fabrication imper-
fections and packaging are the main factors limiting realization of
angle measuring gyroscopes. These considerations motivate the
development of a fully symmetric gyroscope with ultra-high Q-
factors for low angle drift operation.

2.3. Comparison with conventional rate measuring mode

Foucault pendulum-type devices can be also operated in the
conventional rate mode. For rate measurements, the proof-mass is
continuously driven by a periodic force into a steady-state resonant
motion along the drive x-axis. As opposed to the free vibrations in
whole-angle mode, forced vibrations in rate mode effectively lock
the motion to the intended drive-mode direction. While the drive-
mode motion is controlled by a closed loop, the sense-mode motion
is induced by the inertial rotation only, Fig. 3(b). At relatively slow
input rotation, the ratio of sense- to drive-mode amplitudes is a
measure of the inertial rate [23]:

|y|
|x| = 2k

Q

ω

1√
1 + 4Q 2(�ω/ω)2

�. (8)

Although dynamics and instrumentation are different for rate and
whole-angle modes, the required structural parameters for low
noise operation are similar. As follows from Eq. (8) rate sensitiv-
ity also benefits from Q-factor maximization, high angular gain k,
and zero frequency mismatch �ω  = 0, which are easier achieved for
symmetric structures (e.g. HRG and QMG).

While rate noise performance improves in rate mode with
higher Q, the trade-off is a limited open-loop input range and mea-
surement bandwidth. The potential solution is an interchangeable
operation between the forced vibrations (rate mode) and free pre-
cession (angle measuring mode), which was  recently demonstrated
for QMG  [11,37]. The detailed noise characterization of the QMG  in
rate measuring mode revealed a sub-degree per hour bias insta-
bility [4,5], which combined with the measured ±18,000◦/s input
range in free vibrations provides the dynamic range of at least
157 dB [25].
In this section we  report the QMG  transducer design, structural
parameters, fabrication and vacuum packaging.
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Fig. 4. Degenerate, anti-phase X- and Y-vibratory modes of dynamically balanced
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lenging task. The QMG  design is expected to enable whole-angle
MG, finite element modeling. Anti-phase motion of each pair of tines is synchro-
ized by the integrated mechanical lever mechanisms. (a) X-mode of vibration. (b)
-mode of vibration.

.1. Transducer design concept

The novel z-axis MEMS  angle measuring sensor utilizes a sym-
etric quadruple mass architecture recently introduced in [11].

he QMG  sensor structure is comprised of four symmetrically
ecoupled tines that are synchronized by anti-phase lever mecha-
isms, Fig. 4. The sensor can be thought of as two levered tuning fork
yroscopes, whose anti-phase motion reduces the substrate energy
issipation (anchor loss) and maximizes Q-factors. In addition to

mproved energy dissipation and isotropy, lever mechanisms pro-
ide vibration isolation and suppress temperature drifts. Each of
he four tines is an isotropic resonator consisting of a square proof

ass suspended by two X-mode and two Y-mode decoupling shut-
les, which are restricted to move in either X or Y direction [26]. This
esign enables whole-angle mode based on free vibrations of the
roof-mass, with the precession angle proportional to the rotation
ngle.

The vibration pattern of the QMG  is a superposition of the two
eometrically identical modes of vibration. In contrast to the con-
entional tuning fork design [27–29] with in-plane drive-mode
nd out-of-plane sense-mode, both X- and Y-modes of QMG  are
n-plane of the substrate, making the gyroscope input sensitive
o out-of-plane rotations. Due to symmetry, X- and Y-modes are

◦
egenerate and spatially oriented at a 90 angle. Precession of the
ibration pattern results from the inertial rotation, which causes
nergy transfer between the X- and Y-modes. The precession angle
s measured from the projection of the vibration pattern on each
tuators A 177 (2012) 67– 78

axis. This is accomplished by the capacitive electrodes located on
each side of the decoupling shuttles. Even though electrodes may
potentially actuate and detect motion in both direction due to fab-
rication imperfections, the decoupling shuttles/frames proposed in
[26] ensure motion strictly in one direction. The angular gain factor,
defined as the ratio of the precession angle to the rotation angle,
is thus less than its theoretical maximum of 1 because the motion
of the shuttles are not affected by the Coriolis acceleration. The
expression for the angular gain can be derived by subtracting the
mass of each shuttle msh from the total mass M in the Coriolis term
of the two-dimensional oscillator with stiffness K:

Mẍ + Kx − 2(M − 2msh)�ẏ = 0,

Mÿ +  Ky + 2(M − 2msh)�ẋ = 0.
(9)

Here, the centrifugal �2 and angular acceleration �̇ terms are
neglected for simplicity. After normalization of Eq. (9),  we obtain
the Coriolis term coefficient:

k = 1 − 2msh

M
, (10)

which for the first generation QMG  layout shown in Fig. 4 is approx-
imately k = 0.88 . The angular gain factor is defined by the geometry
of the inertial mass, and to the first order independent of its material
properties, thus providing an improved stability [8].

3.2. Sensor structural parameters

While design parameters of the QMG  are discussed in details
in [37], here we highlight the structural properties critical for
the whole-angle mode realization. In comparison to the preci-
sion machined axisymmetric HRG, previously investigated silicon
MEMS  gyroscopes suffered from aniso-elasticity, aniso-damping,
and short energy dissipation constant (less than 1 s). As follows
from the error model in Section 2.2,  maximization of Q-factor is
critical for the whole-angle operation. The Q-factor in vibratory
MEMS  is governed by viscous (air) damping, thermoelastic dissipa-
tion (TED), anchor and surface losses [30,31]; these effects should
be minimized on both design and packaging levels. The developed
packaging technology [13] for robust vacuum sealing of high-Q
gyroscope ensures less than 0.1 mTorr pressure environment inside
the package cavity by using activated getters, eliminating viscous
damping. The balanced tuning fork design of QMG  with linear flex-
ures and anti-phase lever mechanisms provides low anchor loss.
The dominant energy loss mechanism in all vacuum sealed QMGs is
the thermoelastic damping, which was experimentally confirmed
in [4,11].  Based on FEM analysis, the fundamental TED limit of 1.35
million (energy time constant of 195 s) was estimated for a silicon
QMG  design with a 2.2 kHz typical resonant frequency, which pro-
vides at least 10 min  of sensor’s operating time until the amplitude
decays to 5% of its initial value.

While whole-angle operation is theoretically possible for gyro-
scopes with different X- and Y-modes [23], the performance
significantly improves for symmetrical structures with identical
vibratory modes. Analysis of Eq. (6) suggests decreased angle drift
for isotropic damping �(1/�)  = 0 and frequency �ω = 0 . The design
goal of matching frequencies of X- and Y-modes (over tempera-
ture) is already satisfied in QMG  architecture due to the structural
symmetry. Further post-fabrication frequency matching is possible
by electrostatic tuning or mechanical trimming [24]. Most impor-
tantly, the geometrical symmetry enables closer match of Q-factor
values along X- and Y-directions, which is generally more chal-
mode of operation due to advantageous combination of low energy
dissipation and isotropy of both the resonant frequency and the
damping.
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ig. 5. Photograph of a stand-alone vacuum packaged QMG  prototype lid sealed at
.1 mTorr with getter material.

.3. Prototype fabrication and vacuum packaging

The QMG  prototypes, Fig. 5, used in the experimental study were
abricated using an in-house, wafer-level, single-mask process
ased on silicon-on-insulator (SOI) substrates with a conductive
00 �m thick device layer and a 5 �m buried oxide layer. Sensors
ere defined in a highly doped (boron concentrations of 1020 cm−3)
evice layer by DRIE using a Unaxis Versaline VL-7339 tool. The
inimum feature size of the overall process used to define the

apacitive gaps was 5 �m.  The singulated gyroscopes were then
eleased using a timed 20% hydrofluoric (HF) acid bath. To obtain
tand-alone high-Q transducers, the dies were attached to 24-pin
IP ceramic packages using Au–Sn eutectic solder preforms fol-

owed by wire bonding. Finally, the devices were sealed at 0.1 mTorr
acuum, preceded by the getter activations on custom-made glass
ids.

. Interface electronics and angle detection algorithms

In this subsection we describe read-out electronics and
etection algorithms implemented for direct real-time angle mea-
urements.

.1. Front end electronics

All experiments were performed using a custom PCB connected
o a FPGA-based HF2LI unit from Zurich Instruments. The vacuum
ackaged sensor was mounted on a PCB with front-end tran-
impedance amplifiers and installed on the 1291BR Ideal Aerosmith
ate table, which was enclosed in a thermal chamber. Electrostatic
ctuation and capacitive detection were employed along with the
lectromechanical amplitude modulation (EAM) [32] for the par-
sitic feedthrough elimination, depicted as a carrier and sideband
emodulation in block diagram Fig. 6. All control and signal pro-
essing were realized using a LabView programmable HF2LI unit.

.2. Angle detection overview

A brief overview of the previously reported angle detection
ethods below provides a comparison with the algorithm imple-
ented in Section 4.3.  The methods proposed in [15,6,19] assume

n external reference generator of the frequency ω close to the
yroscope’s natural frequency. The classical method for the angle
etection was proposed by Friedland and Hutton [15]. The preces-
ion angle is computed from real-time displacements x(t), y(t), and
elocities ẋ(t), ẏ(t) :

(t) = 1
2

arctan
2(ω2xy + ẋẏ)

ω2(x2 − y2) + (ẋ2 − ẏ2)
, (11)
hich holds true for ideal gyroscope dynamics. The potential chal-
enge of this approach is the derivation of ẋ(t), ẏ(t) velocities from
(t), y(t) read-out (pick-off) signals, which adds noise and additional
ost-processing complexity.
Fig. 6. Block diagram of QMG  signal processing for real-time angle measurements.

For non-ideal dynamics in presence of quadrature (q /= 0) the
angle extraction is possible by amplitude demodulation of read-out
signals at the reference frequency ω and phase � [19]:

�(t) = arctan
LPF [y cos(ωt + �)]
LPF [x cos(ωt + �)]

, (12)

where LPF(·) denotes low pass filtering of the signal.
Both estimations Eqs. (11) and (12) require a control loop to lock

an external reference frequency to the gyroscope natural frequency.
An alternative approach proposed by Lynch in [6] is to use invariant
quantities:

S = 2(cxcy + sxsy) = ((a2 − q2)/4) sin 2�,

R = c2
x + s2

x − c2
y − s2

y = ((a2 − q2)/4) cos 2�, (13)

computed from the demodulated pick-off signals:

cx = LPF [x cos(ωt + �)] , sx = LPF [x sin(ωt + �)] ,

cy = LPF [y cos(ωt + �)] , sy = LPF [y sin(ωt + �)] ,
(14)

to extract the precession angle:

�(t) = 1
2

arctan
S

R
. (15)

Here we adopt this concept and utilize the quadratic combinations
of demodulated components for the angle calculation. The method
Eq. (15) is analogous to Eq. (11), but robust to slight variations
between the gyroscope phase and an external reference. This is
possible because the phase difference can be recovered from the
demodulated components Eq. (14), see [6].

4.3. Back end electronics and algorithms

The angle detection method implemented in this work takes
advantage of the QMG  high Q-factors to maximize signal-to-noise
ratio. Similar to the concept described in [6],  the demodulated
components of read-out signals are used for angle calculation.
The method employs a phase-locked loop (PLL) to track natu-
ral frequency of a device and generate a reference signal for
demodulation. The high-Q factor implicates a steep slope of the
phase response curve, which makes frequency (phase) tracking and

demodulation more accurate. Signal processing depicted in Fig. 6
assumes operation of a gyroscope in free vibrations, with decay
time constants determined by the Q-factors. To initiate vibrations,
the QMG  is electrostatically driven into the X-mode anti-phase
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for vibration amplitudes ranging from 15 nm up to 1 �m (relative
to the capacitive gaps of 5 �m).  Ring-down experimental test per-
formed for different initial amplitudes, Fig. 8 confirmed negligible
dependence of Q-factor on the vibration amplitude, thereby mak-
2 I.P. Prikhodko et al. / Sensors 

esonant motion using a PLL. The initialization parameters are dis-
ussed in Section 5.2.1. The angle measurements are performed
ith an excitation force turned off to ensure free and unconstrained
otion of the proof-mass. Maximization of the energy dissipation

ime constant in whole-angle mode, is therefore, extremely criti-
al. For example, Q-factor of 1 million provides 6 min  of operating
ime for a 2 kHz device, until the amplitude of vibrations decays
o 10% of its initial value. As shown in A.2,  free decay does not
ffect angle measurements as long as both frequency and damp-
ng are closely matched. For a continuous operation of a practical
ensor system, the energy of the system can be sustained by the
arametric excitation [20] or other controls [6,10,15–19,21] with-
ut affecting the orientation of the vibrating axis. Fig. 6 shows the
etection scheme implemented for real-time angle measurements.
sing trigonometric identities, the x, y pick-off signals Eq. (A.6)

ransforms to:

x = a + q

2
cos

(
ωt − k

∫ t

0

� dt + �

)

+a − q

2
cos

(
ωt + k

∫ t

0

� dt + �

)
,

y = a + q

2
sin

(
ωt − k

∫ t

0

� dt + �

)

− a − q

2
sin

(
ωt + k

∫ t

0

� dt + �

)
.

(16)

nalysis of Eq. (16) shows that the spectrum of x, y signals con-
ains two frequency components, � ± k˝, which can be employed
or differential angular rate estimation in real-time [33]. The PLL
mployed in Fig. 6 locks the reference generator to the frequency
ω − k�) and phase �, as well as generates the 0◦ and 90◦ shifted
eferences. The amplitude demodulation of x and y pick-off signals
s performed:

ccx = LPF

[
x cos

(
ωt − k

∫ t

0

� dt + �

)]
,

ccy = LPF

[
y cos

(
ωt − k

∫ t

0

� dt + �

)]
,

ssx = LPF

[
x sin

(
ωt − k

∫ t

0

� dt + �

)]
,

ssy = LPF

[
y sin

(
ωt − k

∫ t

0

� dt + �

)]
,

(17)

o compute the quadratic invariants

s = 2(ccxccy + ssxssy) = a2 − q2

4
sin

(
−2k

∫ t

0

� dt

)
,

r = cc2
x + ss2

x − cc2
y − ss2

y = a2 − q2

4
cos

(
−2k

∫ t

0

� dt

)
,

(18)

nd obtain instantaneous values of the precession angle:

(t) = 1
2

arctan
s

r
= −k

∫ t

0

� dt. (19)

Fig. 6 scheme was implemented in LabView for real-time angle
easurements reported in Section 5.2.  The proposed signal pro-

essing allows to track the gyroscope frequency (and phase) with

 millihertz resolution as required for high-Q sensors, providing an
ccurate demodulation and angle calculation. Relative calibration
f x and y read-out signals was performed to avoid different gains
scaling) caused by variations of electronic components.
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As discussed in Section 2, the measurement bandwidth of an
angle measuring gyroscope is fundamentally unlimited due to the
unconstrained free vibrations (as long as the natural frequency is
greater than the input rotation rate). In practice, however, most
angle detection methods Eqs. (12), (15) and (19) reduce the band-
width value to the cut-off frequency of the low-pass filter (on
the order of 100–200 Hz to track rapid changes of input rotation
�). Depending on the application, the filter is tuned to provide
optimum noise performance without sacrificing the measurement
bandwidth.

5. Experimental characterization

In this section we  experimentally evaluate structural symme-
try and whole-angle operation of the QMG  prototype. For the
fundamental concept study all experiments presented here were
performed using a vacuum sealed QMG  operated in free decay
regime, Fig. 5.

5.1. Structural characterization

The dynamically balanced, geometrically symmetric design of
the QMG  is expected to provide identical and high Q-factors. The
damping symmetry of a stand-alone QMG prototype was investi-
gated using ring-down tests. The time-domain amplitude decays
of X- and Y-modes were fitted with exponential decays to extract
time constants � of 172 s and 174 s, respectively, Fig. 7. The Q-factors
were calculated according to Q = �fn�, with natural frequencies fn
of 2.2 kHz, Fig. 6. Experimentally measured X-mode Q of 1.16 and
Y-mode Q of 1.18 million approach the fundamental thermoelas-
tic limit of 1.35 million computed using FEM analysis in COMSOL.
Structural characterization revealed virtually identical X- and Y-
mode time constants of 173 s ±0.5 % , providing at least 10 min
operating time in the free vibrations regime. The temperature char-
acterization also revealed isotropic Q-factors above 0.7 million up
to +100 ◦C for a packaged QMG, Fig. 7 inset. The data confirms
the design hypothesis of the inherent Q-factor symmetry in QMG
structures.

To confirm linear operation, the Q-factor values were measured
Fig. 7. Experimental characterization of the vacuum sealed QMG  using ring-down
tests. X-mode Q-factor of 1.16 and Y-mode Q of 1.18 million approach the funda-
mental thermoelastic limit of 1.35 million. Inset: measured Q-factor (million) vs.
temperature in the range −40 to 100 ◦C.
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The recorded signals satisfy cos (2k�t)  and sin (2k�t)  relation
between X- and Y-modes, as derived in Eq. (18). Fig. 11(b) shows
the gyroscope output angle � = arctan (s/r)/2 compared to the rate
table reference. The linear fit to the measured data revealed 87◦/s
ig. 8. Ring-down experimental measurements performed for different initial
mplitudes (log scale), confirming negligible dependence of Q-factor on the vibra-
ion amplitude and at least 10 min  of operation time in free decay.

ng possible operation in free decay without affecting the device
inearity.

As discussed in Section 2.2,  the damping asymmetry is a major
rror source for angle measuring gyroscopes. Fig. 10 shows drift
ates for typical gyroscope structures (tuning fork, disk, and lumped
uadruple design) based on the error model described by Eq. (5).  For
he QMG  design, the measured mismatch �(1/�)  of 10◦/h with the
verage � of 173 s (equivalently, �Q/Q of 1% with Q of 1.17 million)
eads to the drift of 1◦/h when operated in the whole-angle mode.
urther improvements are possible by optimizing fabrication and
ackaging to reduce damping asymmetry. In comparison to other
ilicon structures, QMG  architecture demonstrates the potential for
hole-angle instrumentation with fundamentally unlimited input

ange and bandwidth.

.2. Whole-angle mode characterization

Both the damping symmetry and the high Q-factors are expected
o allow whole-angle measurements. We  performed series of
xperiments to evaluate the QMG  response to (i) rotation with a
onstant angular rate, (ii) accelerated rotation, and (iii) sinusoidal
otations to determine bandwidth.

.2.1. Initialization
The angle measuring sensor can be implemented either in free

ibrations or in closed loop to sustain vibrations, depending on the
equired operating time. For the experimental demonstration of
he fundamental principle of operation, the angle measurements
ere performed using the stand-alone QMG  operated in free vibra-

ions. To initiate vibrations, the sensor with a 2.2 kHz operational
requency was electrostatically driven into the X-mode anti-phase
esonant motion using the PLL until the amplitude reached 0.25 �m
or 5% of the nominal gap), and then abruptly turned off. For initial
haracterization, the frequency match of below 20 mHz  between
he X- and Y-modes (�f/f of 10 ppm) was then achieved by the
lectrostatic tuning, Fig. 9. While the initial mismatch was  3.6 Hz
�f/f of 1.5%), the tuning voltage was applied to the set of cen-
ral parallel plates in x direction until the negative spring effect
educed X-mode resonant frequency to the value comparable with
he Y-mode frequency at 17.15 Vdc. The active frequency tuning

ontrols [19,10,34,38] are preferred for the final realization of the
ontrol electronics. As pointed out in Section 4.3,  the gyroscope
esponse to inertial stimulus is unaffected by the free decay as long
s damping asymmetry and frequency mismatch are minimized.
A  20 mHz  matching (�f/f of 10 ppm) is achieved by applying 17.15 Vdc. Inset: power
spectrum density of X- and Y-modes before tuning, revealing an initial frequency
separation �f/f of 0.15%.

Considering relatively low damping asymmetry (�Q/Q of 1%) and
frequency mismatch (�f/f of 10 ppm), the gyroscope dynamics can
be assumed ideal on the time scale of several minutes. The angle
drift Eq. (5) due to the quadrature is reduced by the electrostatic
tuning (depicted as tuning in Fig. 6), which is also implemented in
the current setup, Fig. 9.

5.2.2. Response to constant rotation
To obtain an accurate estimate of the input inertial rate, we

determined the actual angular gain factor from the input-output
characteristics of the QMG  sensor. The device was  rotated with
a constant angular rate of 100◦/s. The instantaneous position of
the axis of vibration was detected capacitively by monitoring the
displacement of X- and Y-modes. The angle response in Fig. 11 was
obtained in this experiment using the real-time detection scheme
depicted in Fig. 6.

Fig. 11(a) shows two  demodulated components s and r dur-
ing a 100◦/s rotation, which were used for the angle computation.
Fig. 10. Drift rates due to the asymmetric damping for tuning fork, disk, and lumped
quadruple designs, simulation. For QMG  prototype the drift is 1◦/h, currently limited
by  fabrication imperfections and packaging.
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Fig. 11. Experimentally measured angle response of the QMG  sensor to a 100◦/s rate
input using the detection scheme shown in Fig. 6; root mean square (RMS) nonlin-
earity is below 0.1% of full scale output (FSO). (a) Measured s and r demodulated
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Fig. 12. QMG  angle response to a constant angular acceleration of 280◦/s2. (a) Mea-
sured vibration amplitudes of X- and Y-modes in response to rotation with constant

◦ 2
omponents of x and y readout signals during an applied 100 /s rotation. (b) Gyro
ngle output � = arctan (s/r)/2 and the rate table reference.

yroscope response with RMS  nonlinearity of below 0.1 % full scale
utput (FSO). The extracted angular gain factor of 0.87 was  found
o be in excellent agreement with the predicted value of 0.88. For
he following experiments we take into account the actual value
or k = 0.87 when calculating an output angle.

.2.3. Response to accelerated rotation
The input linear range of the whole-angle mode is fundamen-

ally unlimited due to free, unconstrained precession of the axis
f vibration in response to the device rotation. To experimentally
onfirm linearity, the device was rotated with a constant angu-
ar acceleration of 280◦/s2, providing input rates of 0 to 450◦/s
nd angular positions of 0 to 350◦ in 1.4 s, Fig. 12.  The ampli-
ude change of X- and Y-modes was recorded in response to this
ccelerated rotation, Fig. 12(a). Initially, the device was vibrat-
ng in X-direction, and after a 90◦ rotation the proof-mass was
scillating in the Y-direction. The subsequent 90◦ rotation causes
he device to vibrate again in the X-mode. These energy trans-
ers between the X- and Y-modes serve as the basis for the angle
etection. The precession angle of the vibration pattern was com-
uted in real time from the amplitudes of X- and Y-modes using
he relation � = arctan (s/r)/(2k), Fig. 12(b). The measured angle
esponse confirmed the orientation-independent angular gain, as
ell as sensor linearity for wide input range of 450◦/s with 0.4%

MS  error full scale output (limited by the experimental setup),
ig. 12(c).

For applications requiring angular rate information, the numer-
cal differentiation of the measured angle output is possible. The
acceleration 280 /s . (b) Direct angle measurement derived from arctan (s/r)/(2k).
(c) Measured angle response demonstrates sensor linearity.

experimental demonstration is performed by applying a sequence
of ±50, ± 100◦/s input rotations to the QMG  sensor operated
in whole-angle mode, Fig. 13.  The measured output angle was
computed according to � = arctan (s/r)/(2k), while the angular rate
was derived by numerical differentiation of the angle signal. The
measured angular rates of ±50, ± 100◦/s (within 0.2% error mar-
gin) were found to be in good agreement with the applied input
rates.

5.3. Bandwidth analysis

The whole-angle operating mode is also expected to provide
unlimited measurement bandwidth. The bandwidth of mode-
matched ultra-low dissipation QMG  device was characterized
for both conventional rate measuring (forced vibrations) and
whole-angle modes (free vibrations). Scale factors were measured
for periodic rotations with the frequencies up to 100 Hz (limited

by the Ideal Aerosmith 1291 BR rate table specifications). Fig. 14
shows the experimentally measured QMG  response to a 100 Hz
sinusoidal rotation, confirming the robust operation and stable
angular gain factor at high rotational frequencies. The output was
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post-processed using a band-stop (notch) filter with a 60 Hz center
frequency to eliminate a.c. power line component. Scale factors of
the rate operating mode were normalized to the constant rotation
and compared to the angular gain factors of the whole-angle
mode, Fig. 15.  Characterization of the whole-angle operating
mode revealed a bandwidth in excess of 100 Hz, which is a 10,000
improvement over the conventional open-loop rate mode with a
10 mHz  bandwidth. The apparent reduction in gain at large input
frequencies in Fig. 15 is due to the low-pass filters used in signal
processing.

6. Conclusions

We  demonstrated the silicon MEMS  angle measuring gyroscope
enabled by the geometrically symmetric QMG design providing
unprecedented ultra-high Q-factors. The vacuum sealed SOI pro-
totype with a 2 kHz operational frequency demonstrated virtually
identical X- and Y-mode Q-factors of 1.2 million, approaching the
thermoelastic limit of 1.35 million. The temperature characteriza-
tion revealed isotropic Q-factors above 0.7 million in the range
−40 ◦C to +100 ◦C. This allows for a power failure-independent
operation with polarization voltages as low as 10 mV  dc previ-
ously achieved only in HRG for space-flight missions [8].  Due to
stiffness and damping symmetry, and ultra-low dissipation, this
gyroscope was  instrumented for the direct measurements of the
angle with fundamentally unlimited input range and bandwidth.
Experimental characterization of the mode-matched QMG  oper-
ating in the whole-angle mode confirmed 0.4% linearity in excess
of ±450◦/s range and 100 Hz bandwidth, eliminating both band-
width and range constraints of conventional MEMS  vibratory rate
gyroscopes. Further experimental characterization of QMG  oper-
ated in free vibrations confirmed the wide input rate of ±18, 000◦/s
[25]. The measured damping asymmetry �Q/Q of 1% translates to
the theoretical angle drift of 1◦/h in whole-angle operating mode,
making one high-Q mechanical structure suitable for both high
precision and wide input range applications. Ongoing improve-
ments in the gyroscopes layout, fabrication, and capacitive pick-off
electronic loops are projected to reduce the angle drift to below
sub-degree per hour.
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Appendix A. Foucault pendulum dynamics

The classical Foucault pendulum is a large swinging pendulum,
which was used by Leon Foucault to demonstrate the Earth’s rota-
tion [35]. The pendulum model describes dynamics of both angular
rate and angle measuring vibratory gyroscopes. While theory and

analysis have been extensively developed in [15,36,6,17,19,23],
here we summarize the main results to explain operating princi-
ple and to derive gyroscope parameters favorable for direct angle
measurements.
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.1. Ideal case

Foucault pendulum can be defined as a 2-D isotropic resonator
scillating with frequency ω. The governing equations of motion
n terms of displacements components u and v relative to the non-

oving inertial reference frame are:

ü + ω2u = 0,

v̈ + ω2v = 0.
(A.1)

epending on the initial conditions, Eq. (A.1) describes either a
traight line or an elliptical trajectory motion, Fig. 1. When using
rbital parameters a, q, �, �, representing semi-major, semi-minor
xes, the precession angle, and the orbital phase, the solution of Eq.
A.1) is:

u =  a cos � cos(ωt + �) − q sin � sin(ωt + �),

v = a sin � cos(ωt + �) + q cos � sin(ωt + �). (A.2)

rom an instrumentation point of view, a and q are in-phase and in-
uadrature components of fast-varying variables u, v relative to the
eference phase � . For zero quadrature q = 0 the gyroscope motion
s a straight line in u-v plane; for zero inclination angle � = 0 the line
f oscillation is aligned with the u axis:

u = a cos(ωt + �),
v = 0. (A.3)

he coordinate transformation is used to map  the solution and
quations of motion from the stationary inertial frame to the gyro-
cope frame of reference, which is rotated by the angle � (with
he angular rate � and acceleration �̇). The cosine rotation matrix
onnects the displacement components x, y in the gyroscope frame
ith the components u, v in the inertial frame:

u = x cos � − y sin �,
v = x sin � + y cos �. (A.4)

ubstituting Eq. (A.4) to Eq. (A.1), the equations of motion become:

ẍ + (ω2 − �2)x − 2�ẏ − �̇y = 0,

ÿ + (ω2 − �2)y + 2�ẋ + �̇x = 0.
(A.5)

imilarly, the general solution of Eq. (A.5) in the rotating gyroscope
rame is:

x = a cos

(
�0 −

∫ t

t0

�(�) d�

)
cos(ωt + �)

− q sin

(
�0 −

∫ t

t0

�(�) d�

)
sin(ωt + �),

y = a sin

(
�0 −

∫ t

t0

�(�) d�

)
cos(ωt + �)

+ q cos

(
�0 −

∫ t

t0

�(�) d�

)
sin(ωt + �),

(A.6)

hich represents either a straight line or an orbital trajectory with
he initial inclination angle �0 relative to x–y plane. Analysis of Eqs.

A.2) and (A.6) shows that the trajectory pattern precesses with the
ngular rate −� in the gyroscope frame, but remains fixed in the
nertial space, thereby providing an inertial reference for orienta-
ion angle measurements. In other words, at any time interval t − t0
tuators A 177 (2012) 67– 78

the variable inclination angle � of the orbital trajectory is equal to
the angle of a gyroscope inertial rotation:

� = �0 −
∫ t

t0

�(�) d�, (A.7)

which proves that Foucault pendulum is a rate integrating gyro-
scope.

For zero quadrature (q = 0) the solution Eq. (A.6) simplifies to a
straight line precession:

x = a cos

(
�0 −

∫ t

t0

�(�) d�

)
cos(ωt + �),

y = a sin

(
�0 −

∫ t

t0

�(�) d�

)
cos(ωt + �).

(A.8)

The angle of an orbital inclination (precession angle) can be directly
measured from the x, y displacement components Eq. (A.8) at any
time:

arctan
y

x
= �0 −

∫ t

t0

�(�) d�. (A.9)

Eq. (A.9) is the governing equation for direct angle measurements
of a gyroscope rotation from x, y displacements (as opposed to
numerical integration of an angular rate output in conventional
gyroscopes). While Eq. (A.7) is true for arbitrary initial conditions,
Eq. (A.9) holds as long as the quadrature is minimized to zero, i.e.
q = 0 . For non-ideal case the direct angle measurements are also
possible; details are discussed in Section 4.

A.2. Non-ideal case

One of the possible physical realizations of Foucault pendu-
lum is a 2-D mass-spring-damper system, which is subject to
fabrication imperfections if in MEMS  implementation. Considering
mismatches between natural frequencies ω1, ω2 :

�ω = ω2
1 − ω2

2
2ω

, ω = ω2
1 + ω2

2
2

,

and mismatches in energy dissipation time constants �1, �2 :

�
(

1
�

)
= 1

�1
− 1

�2
,

1
�

= 1/�1 + 1/�2

2
,

the realistic model of an angle measuring gyroscope is:

ẍ +2
�

ẋ + �
(

1
�

)
(ẋ cos 2�� + ẏ sin 2��) + (ω2 − k2�2)x

−ω �ω(x cos 2�ω + y sin 2�ω) − k(2�ẏ + �̇y) = 0

ÿ +2
�

ẏ − �
(

1
�

)
(−ẋ sin 2�� + ẏ cos 2��) + (ω2 − k2�2)y

+ ω �ω(−x sin 2�ω + y cos 2�ω) + k(2�ẋ  + �̇x) = 0,

(A.10)

where k is the angular gain factor defined by the geometry of a sen-
sitive element, and �� , �ω are the angles of the �1 and ω2 principal

axes of damping and elasticity, respectively.

The analysis of non-ideal dynamics is simplified when using
slow-varying orbital parameters a, q, �, �, which are no longer con-
stants but time-varying variables, Fig. 1. Assuming ω � � and using
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ethods of averaging, Eq. (A.10) becomes [6]:

ȧ =  −
[

1
�

+ 1
2

�
(

1
�

)
cos 2(�  − ��)

]
a + 1

2
�ω sin 2(�  − �ω)q,

q̇ = −
[

1
�

− 1
2

�
(

1
�

)
cos 2(�  − ��)

]
q − 1

2
�ω sin 2(�  − �ω)a,

�̇ = −k� + 1
2

�
(

1
�

)
sin 2(�  − ��) + �ω  cos 2(�  − �ω)

aq

a2 − q2
,

�̇ = − aq

a2 − q2
�

(
1
�

)
sin 2(� − ��) − 1

2
�ω cos 2(� − �ω).

(A.11)

hese equations show that both aniso-damping �(1/�)  and aniso-
lasticity �ω  result in false precession � of an orbital trajectory with
ime-varying amplitude a, quadrature q and phase � . Analysis of
q. (A.11) also reveals that the inclination angle drift �̇ is periodic,
o the precession error is averaged out for fast spinning objects.

hile aniso-elasticity can be reduced by minimizing the multi-
lier q, or by electrostatic tuning of �ω, control of aniso-damping

s typically challenging. From the other hand, for the isotropic case
ω = �(1/�)  = 0, the presence of damping � does not influence the

recession:

ȧ = − a

�
,

q̇ = − q

�
,

�̇ = −k�,

�̇ = 0.

(A.12)

ven though both the amplitude and quadrature decay with the
ate exp (− t/�), the inclination angle change � − �0 is proportional
t any time interval t − t0 to the inertial rotation angle with the
ngular gain k :

 − �0 = −k

∫ t

t0

�(�) d�, (A.13)

hereby making possible direct angle measurements in free vibra-
ions regime. These considerations support the development of the
erfectly symmetrical sensitive element to ensure isotropy in both
amping and elasticity, as well as maximization of energy decay
ime to prolong operation in free decay.
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