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ABSTRACT

This paper studies behavior of non-ideal vibratory

micromachined gyroscopes. The use of methods of mo-

tion decomposition [1] is the essence of the proposed an-

alytical approach. The method is based on partitioning

the equations of motion on fractions which are chang-

ing in di�erent time scales. The approach allows rapid

simulation of the long-term response of the gyroscope

in presence of imperfections. The central result of the

paper is the classi�cation of errors in accordance with

their in
uence on the gyroscope behavior.
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INTRODUCTION

Di�culties of full-time scale simulation of vibratory

gyroscopes are often acknowledged, but has never re-

ceived enough attention in the literature. The major

challenge simulating these systems is the existence of

multiple time-scales: one is de�ned by the natural fre-

quency of the gyroscope (in kHz range), the other - by

the input angular velocity (ranging between degrees per

second and sub-degrees per hour). These two time scales

di�er by more than 4-6 orders of magnitude. Straight-

forward plug-in of the equations of motion into one of

the numerical integration packages (for example, MAT-

LAB) will simulate the behavior of the system in the

fastest time-scale. However, when the e�ect of manu-

facturing defects or system response to control actions

are examined, we are interested in the long-term be-

havior of the system, which is of the order of the input

angular velocity. Thus, direct substitution of governing

equations into the simulation package is computation-

ally impractical. In this paper we propose an approach

for overcoming these di�culties.

Fabrication imperfections are a major factor limit-

ing the performance of micromachined gyroscopes. Un-

derstanding of the behavior of gyroscopes in presence

of imperfections and ability to control and compensate

for defects are essential for improving its performance.

All micromachined gyroscopes are planar vibratory me-

chanical structures fabricated primarily from polysili-

con or single crystal silicon. Common processing tech-

niques that are used to sculpt structures include bulk

micromachining, wafer-to-wafer bonding, surface micro-

machining, and high-aspect ratio micromachining. Each

of these fabrication processes involves multiple process-

ing steps including the deposition, etching, and pattern-

ing of materials. Depending on the technology, di�erent

number of steps is involved and di�erent tolerance can

be achieved. As a rule, every fabrication step contribute

to imperfections in the gyroscope. In practice, imper-

fections are re
ected in asymmetry and anisoelasticity

of the structure. Consequently, asymmetries result in

undesirable constantly acting perturbations in the form

of mechanical and electrostatic forces.

Figure 1: Examples of typical fabrication imperfections in

"bulk" micromachined gyroscopes. With the deep-reactive-

ion-etching (DRIE) vertical sidewalls can be produced with

the accuracy of approximately 2 degrees; footing and under-
etch are potentially a problem due to aspect ratio etching

variation. Photo courtesy of BSAC.

Apparently, vibratory gyroscopes are equally sensi-

tive not only to measured physical phenomena - the

Coriolis force, but also to undesirable perturbations and

defects. The objective of this paper is to take a look into

several cases of imperfections which are of practical in-

terest, illustrate the e�ect of imperfections, and propose

a method for analysis of non-ideal gyroscopes.



MODELING OF IMPERFECTIONS

The governing equations in Cartesian coordinates of

a non-ideal gyroscope are given by

�X + !2
n
X � 2
 _Y = (!2

n
� !2

x
)X + cxyY + dxx _X + dxy _Y

�Y + !2
n
Y + 2
 _X = (!2

n
� !2

y
)X + cyxX + dyy _Y + dyx _X

The terms on the right-hand side represent potential

sources of error which can be viewed as external pertur-

bations of the ideal system. The coe�cients multiplying

the position variables represent non-ideal spring forces

that could arise, for example, from the lack of perfect

symmetry in the device. They may be collectively iden-

ti�ed as "anisoelasticity". The terms multiplying the

velocity variables are damping terms and could repre-

sent losses in the system due to various physical causes

such as structural damping, transmission of energy to

suspension, etc.

The left-hand side of the governing equations mod-

els an ideal vibratory gyroscope with matched natural

frequencies !n. The essential feature of these equations

is the presence of the Coriolis acceleration terms �2
 _Y

and 2
 _X . These two terms will appear only if the equa-

tion of motion are written in a non-inertial coordinate

frame. It is the Coriolis acceleration that causes a trans-

fer of energy between two of the gyro's modes of opera-

tion (Figure 2).
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Figure 2: The Coriolis acceleration causes the precession of

the gyroscope's line of oscillation. The oscillating proof mass

is trying to keep the line of oscillation constant in the inertial
space; in a non-inertial coordinate frame, this is observed as

the transfer of energy between two of the gyro's modes of

operation.

If the "input" angular velocity 
 is zero, and under

appropriate initial conditions, the ideal gyroscope will

oscillate along a straight line. The orientation of the

straight line is de�ned by initial conditions. In a more

general case, when the initial conditions are such that

the vector of displacement is not parallel to the vector of

velocity, the orbit of the gyro motion is an ellipse. This

observation is important for interpreting the results of

testing and identi�cation of imperfections in microma-

chined gyroscopes.

Frequency Mis-Match and

Anisoelasticity

The most common and easily observed imperfections

in micromachined gyroscopes are frequency mis-match

and anisoelasticity. Analysis of gyroscopes in presence

of these imperfections does not require any special treat-

ment and can be done using the eigenvalue analysis [2].

When there is no input rotation and only anisoelasticity

is present, the equations of motion have the form

�
�X
�Y

�
+

�
!2
x

cxy
cxy !2

y

�
�

�
X

Y

�
= 0

The eigenvectors of this system de�ne a pair of prin-

cipal (cardinal) elastic axes that de�ne stable directions

of a straight line motion of the gyroscope (see Figure 3).
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Figure 3: (a) If the motion starts along a principal elastic

axis it will remain on a straight line; (b),(c) if the motion

starts out of a principal axis it does not remain on a straight
line; depending on the initial conditions the oscillation will

be in one of the attraction regions de�ned by principal elastic

axes.

Next we show the connection between the elements

of the sti�ness matrix and the main axes of elasticity.

Assume that the axis of symmetry of the ideal (defect-

free) gyroscope are X and Y (Figure 4). Due to im-

perfections in fabrication the X and Y axes may not

coincide with the principal axis of elasticity X and Y .

Then, the sti�ness matrix in fX,Yg coordinate frame

has the form

K =

�
kxx kxy
kyx kyy

�
; kxy = kyx and kij = Mcij (1)

Assume that the principal spring axes are tilted by

an angle � from the reference coordinate system (Figure

4). Also, assume that the principal spring constants are

K1 and K2 (K1 > K2). Then elements of the sti�ness

matrix (1) can be presented in terms of K1;K2, and �

as follows

kxx =
K1 +K2

2
+
K1 �K2

2
cos(2�)

kyy =
K1 +K2

2
+
K2 �K1

2
cos(2�)

kxy = kyx =
K1 �K2

2
sin(2�) (2)



Figure 4: Imperfections result in mis-alignment of the main

axes of elasticity with intended structural axes of symmetry

Derivation of (2) is illustrated in Figure 4.

By analogy with sti�ness, damping can also be de-

scribed in terms of two main axes of damping. In gen-

eral, the principal axes of elasticity and damping are not

necessarily aligned because asymmetry in sti�ness and

damping are caused by di�erent physical phenomena.

The location of the principal axis of damping and the

magnitude of the damping di�erence are determined by

an averaging of the damping asymmetries. By analogy

with sti�ness, damping matrix D can be written as a

function of principal damping constants D1; D2 and the

angle of axes orientation �. It has the form

�
D1+D2

2
+ D1�D2

2
cos(2�) D1�D2

2
sin(2�)

D1�D2

2
sin(2�) D1+D2

2
+ D2�D1

2
cos(2�)

�

Damping asymmetry, like damping itself, arises prin-

cipally from asymmetry in aerodynamic drag, structural

damping, transmission of energy to the suspension, etc.

Major damping mechanisms involved in the vibratory

gyroscope include viscous damping of the ambient air

(Stoke's damper) and the air layer between the proof-

mass and the substrate (slide �lm damper) [3].

MOTION DECOMPOSITION

The application of the method of motion decompo-

sition (or fractional analysis [1]) includes three steps.

First we introduce the characteristic parameters of the

system. This is followed by a non-dimensional analysis

with respect to the chosen time-scale and identi�cation

of the small parameters of the system. The decompo-

sition procedure is concluded by the averaging of the

system with respect to the time scale of interest. The

application of this method to vibratory gyroscopes al-

lows rapid simulation of the long-term response of the

gyroscopes to the constantly acting perturbations (e.g.,

due to fabrication imperfections). Details of the proce-

dure can be found in [1], [4].

Due to space limitations, we skip details of the di-

mensional analysis, and just present the equations of

motion with perturbations in non-dimensional form:

�x1 + x1 = "Q1(t; x; _x)

�x2 + x2 = "Q2(t; x; _x); " �



!n
� 1 (3)

Here x = (x1; x2) is a non-dimensional displacement,

Q1 and Q2 are constantly acting perturbations including

the Coriolis force, " is a small non-dimensional parame-

ter de�ned by characteristic values of the system.

Below we use the procedure described in [1] to con-

vert the system (3) to the standard form (6). The �rst

step of the procedure is to �nd a non-perturbed solu-

tion of the system (3), i.e. when " = 0. In this case, the

solution is

x1 = C1 cos t+ C3 sin t; _x1 = �C1 sin t +C3 cos t;

x2 = C2 cos t+C4 sin t; _x2 = �C2 sin t +C4 cos t: (4)

The second step is to de�ne a coordinate transfor-

mation x(t) = g(t; y(t)) which has a topology (4) of the

non-perturbed system (3)

x1 = y1 cos t+ y3 sin t; _x1 = �y1 sin t+ y3 cos t;

x2 = y2 cos t+ y4 sin t; _x2 = �y2 sin t+ y4 cos t: (5)

The transformation (5) will result in the system of

the standard form

dy

dt
= "Y (y; t) (6)

where y = (y1; y2; y3; y4) and

Y (y; t) = J�1Q(g(t; y)) =

2
664
� sin t 0

0 � sin t

cos t 0

0 cos t

3
775
�
Q1

Q2

�

Here J�1 is the inverse of the Jacobian of the trans-

formation x(t) = g(t; y(t)).

The right-hand side of (6) is an explicit function of

the state vector y and time t. Since the solution (4) of

the non-perturbed equation (3) is periodic, time averag-

ing formalismcan be applied. This results in a simpli�ed

equation:

dy

dt
= "Y (y) (7)

where

Y (y) =
1

2�

Z 2�

0

Y (y; t)dt

The procedure described in this section, transforms

the original system into the normalized system (3), which

after averaging is transformed to (7). The underlying

theory of this method guarantees that the solution of

the system (7) is close to the solution of (3). The new

system (7) allows fast simulation of the long-term re-

sponse (in the time-scale of the input angular velocity)

of the non-ideal gyroscope.



ERROR CLASSIFICATION

The decomposition procedure described in the pre-

vious section makes the simulation of the long-term be-

havior of the gyroscope in presence of perturbations very

computationally e�cient. In this section, we qualita-

tively classify errors in vibratory gyroscopes based on

the results of motion decomposition. Figure 5 summa-

rizes gyroscope behavior in presence of imperfections.

Nominally, the gyroscope oscillates along the x-axis

(Fig.5(a)). Spherical forces (diagonal sti�ness matrix)

cause only frequency change (Fig. 5(a, b)); the line

of oscillation remains the same. The hyperbolic poten-

tial forces (positive-de�nite sti�ness matrix), in addition

to the frequency changes, result in a disruption of the

straight line oscillation (Fig. 5(c, d)). Non-potential

forces can appear only if o�-diagonal elements in the

sti�ness matrix are not equal. They can appear, for ex-

ample, as a side e�ect of the active control. These forces

also cause disruption of the straight line oscillation, but

do not result in frequency change (Fig. 5 (e, f)).

Asymmetry in damping can be presented in the form

of dissipative spherical forces, dissipative hyperbolic forces,

and gyroscopic forces. The dissipative spherical forces

cause only amplitude changes (Fig. 5 (g,h)). Hyper-

bolic velocity dependent forces result in precession of

the straight line oscillation and amplitude change (Fig-

ure 5 (k, l)). Gyroscopic forces can cause only preces-

sion (Figure 5 (m, n)). Dissipative spherical forces and

hyperbolic forces can appear as result of losses due to

structural damping, transmission of energy to suspen-

sion, aerodynamic drag, etc. Gyroscopic forces can ap-

pear only as inertial forces or as a side e�ect of the active

control.

The most dangerous perturbations for the gyroscope

operation are hyperbolic potential forces, non-potential

forces, hyperbolic velocity dependent forces, and gyroscopic-

like forces appearing as o�-diagonal elements in the damp-

ing matrix.
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Figure 5: Classi�cation of imperfections.


