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Abstract—This paper reports a novel capacitive detection
method, called the sideband-ratio (SBR) detection, which is ro-
bust to variations of such critical parameters as the nominal
capacitance, frequency, and amplitude of the probing voltage and
gain of the transimpedance amplifier. The approach constructively
utilizes the inherent nonlinearity of parallel-plate sense capacitors
in order to measure the amplitude of sinusoidal motion. In the case
of parallel-plate detection signal, multiple harmonics exist and
each carry information about the amplitude of mechanical motion.
The SBR method robustly extracts the amplitude of motion from
the ratio of multiple sidebands. This paper presents theoretical
background and analysis of this nonlinear measurement method.
A real-time measurement algorithm is implemented in software
and simulated. Feasibility of the developed approach is demon-
strated experimentally. [2006-0292]

Index Terms—Automatic calibration, capacitive detection, elec-
tromechanical amplitude modulation (EAM), gyroscopes, modu-
lation, parallel plates, resonators, self-calibration, sidebands.

I. INTRODUCTION

M ICROMACHINED gyroscopes [1], filters [2], [3],
mixlers [4], and various other dynamic microelectro-

mechanical-system (MEMS) devices [5] utilize resonant struc-
tures in their operation. In all these devices, the vibratory
motion in one or more modes needs to be actuated, detected,
and, in some cases, controlled. This paper focuses on capac-
itive detection of oscillations utilizing signal processing of
the motion-induced current. Conventional capacitive-detection
schemes produce a signal proportional to such system param-
eters as nominal sense capacitance, carrier voltage amplitude
and frequency, and gain of the current amplifier. These depen-
dencies constitute a need to periodically calibrate individual
MEMS devices to address mechanical-element and electronics-
fabrication imperfections and fluctuation of the parameters due
to changing environment and aging. A detection technique
independent of these system parameters can be of a great
advantage.

Capacitive detection of motion is usually based on measuring
the current induced by the relative motion between a mobile
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and an anchored electrode forming a variable sense capacitor.
This capacitor is biased by a certain known dc or ac voltage
[6]–[8]. The motion-induced change in capacitance results in
the flow of current, which is converted to a voltage using a
transimpedance amplifier. This output voltage is detected and
processed in order to measure the motion of the vibrating
structure. Electromechanical amplitude modulation (EAM) is
a widely used capacitive detection approach. It is based on
the modulation of the motional signal by an ac-probing volt-
age (carrier) and allows for frequency-domain separation be-
tween the informational signals and feed-through of the driving
voltages [6], [9]. The conventional linear-EAM approach can
be used with either lateral-comb sense or small-displacement
parallel-plate capacitors. In the linear case, only one pair of
amplitude-modulated sidebands exists and external calibration
of the pick-up signal is needed to identify the voltage-to-
displacement scaling factors of the detection channels.

The topic of signal nonlinearity in parallel-plate-detection
schemes was introduced in [10]. In this paper, we develop
a novel capacitive detection and self-calibration method that
takes advantage of the parallel-plate nonlinearity to eliminate
the effect of the nominal capacitance, probing voltage, and the
transimpedance gain on the measurement. First, we describe
the electromechanical model of a resonator with parallel-plate
capacitive detection in Section II. The parallel-plate EAM pick-
up signal is studied in Section III. Based on the nonlinear
features of the pick-up signal, the sideband-ratio (SBR) detec-
tion approach is formulated in Section IV and verified exper-
imentally in Section V. The complete real-time measurement
algorithm based on the SBR is presented in Section VI along
with simulation results. Section VII reports the adaptation of the
method for differential EAM and pure dc detection, approaches
to sidebands demodulation, and noise-performance analysis.
Section VIII discusses applications of the SBR method and
concludes this paper.

II. ELECTROMECHANICAL MODEL

Fig. 1 shows a general schematic of a capacitive microres-
onator utilizing parallel-plate SBR-detection scheme. The
electromechanical diagram includes the mechanical resonator,
the lateral-comb drive and parallel-plate sense electrodes, and a
signal-processing block for detection of motion. The suspended
mass of the resonator is constrained to move only along the
horizontal x-axis. The variable sense capacitance is defined
as Cs(x), and the drive capacitance as Cd(x), where x is the
displacement. Typically, in MEMS devices, drive and sense
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Fig. 1. Schematics of a capacitive MEMS resonator with parallel-plate
detection of motion.

terminals are not completely isolated but are electrically cou-
pled by stray parasitic capacitances and resistances [8]. In
this paper, we assume, without loss of generality, that the
parasitic circuit consists of a single lumped capacitor Cp. An
ac driving voltage Vd(t) = vd cos(ωdt) is applied to the drive
electrode (voltage values are referenced with respect to a com-
mon ground). The sense capacitor Cs(x) is formed between the
mobile mass and the fixed sense electrode. The sense electrode
is connected to the inverting input of an operational amplifier,
which is configured as a transimpedance amplifier [11].

The vibratory motion at the drive frequency ωd is excited by
a combination of Vdc and Vd driving voltages across the drive
capacitor. Without discussing further details of the actuation
scheme, the resonator’s displacement x(t) can be expressed as

x(t) = ‖x‖ sin(ωdt + φ) (1)

where φ = φ(ωd) represents a phase lag of the transfer function
of the resonator. The capacitive detection results presented in
this paper are, in fact, valid for any microstructure with sinu-
soidal motion that is independent of the actuation mechanism.

Due to the sinusoidal motion, the sense capacitance
Cs(x) changes, causing a flow of motional current Is(t) =
d(CsVs)/dt, where Vs is the probing voltage across the sense
capacitor. The total pick-up current I(t) = Is(t) + Ip(t) con-
sists of both the motional and the parasitic currents and is
converted to the final output voltage V (t) with transimpedance
gain −R. Parasitic current is induced by the drive voltage Vd

and, therefore, has the same frequency ωd. In this paper, we
assume that the total sensing voltage Vs(t) = Vdc + Vc(t) is
composed of a dc component Vdc and an ac component Vc =
vc sin(ωct), which is called the carrier. Particular cases when
either the dc or ac component of the sense voltage is zero are
discussed later in this paper. Use of an ac carrier voltage results
in an amplitude modulation of the motional signal, which is
known as EAM.

The total pick-up voltage on the output of the current ampli-
fier is given by

V (t) = −R d

dt
[Vd(t)Cp + (Vc(t) + Vdc)Cs(t)] . (2)

In Section III, we expand the pick-up signal for the
case of parallel-plate sense capacitor without using a small-
displacement assumption.

III. MOTION DETECTION WITH PARALLEL PLATES

This section studies the nonlinear properties of parallel-plate
EAM pick-up signal. Consider a variable sense capacitor Cs(x)
formed by a pair of mobile and anchored parallel-plate struc-
tures. Let us denote permittivity of media by ε, the initial gap
between plates at rest by g, the overlap length of an individual
parallel-plate pair by L, and the height of the plates (i.e., the
structural layer thickness) by y. The total overlap area in the
sense capacitor is given by A = NLy, where N is a number
of parallel-plate pairs in the capacitor. The total variable sense
capacitance for the sinusoidal mode of motion in (1) is

Cs (x(t)) =
εA

g − x(t)
=

εA

g

1

1 − ‖x‖
g sin(ωdt)

(3)

where the phase of motion φ is omitted without any loss of
generality.

We introduce the nominal sense capacitance Csn = εA/g
and dimensionless amplitude of motion x0 = ‖x‖/g < 1 nor-
malized with respect to the initial gap between the parallel
plates. From (3), the sense capacitance is

Cs(t) = Csn
1

1 − x0 sin(ωdt)
. (4)

As shown in Appendix I, the Fourier-series representation
of the parallel-plate capacitance Cs(t) for a given amplitude of
motion x0 is

Cs(t) = Csn

∞∑
k=0

p2k(x0) cos(2kωdt)

+ Csn

∞∑
k=0

p2k+1(x0) sin((2k + 1)ωdt) (5)

where functions pk(x0) define the amplitudes of the multiple
harmonics of the motional frequency in the capacitance Cs(t).
The amplitudes form a geometric progression and, in closed-
form, are given by

‖pk(x0)‖ =
2√

1 − x2
0

 x0(
1 +

√
1 − x2

0

)
k

=2p0(x0)

 x0(
1 +

√
1 − x2

0

)
k

. (6)
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Fig. 2. PSD of a parallel-plate EAM pick-up signal, computer simulation.

Equation (5) shows that when parallel plates are used to
sense a sinusoidal motion, the time-varying sense capacitance
contains an infinite number of drive-frequency harmonics. In
order to calculate the total output signal, we consider the mod-
ulation of each capacitance harmonic individually. We combine
the sense capacitance in (5) with (2) to obtain the total output
current

I(t) = −Cpvdωd sin(ωdt)

+ Csnvcωcp0(x0) cos
(
ωct
)

+ CsnVdcωd

×
{ ∞∑

k=0

(2k + 1)p2k+1(x0) cos
(
(2k + 1)ωdt

)
−

∞∑
k=1

2kp2k(x0) sin(2kωdt)
}

+
1
2
Csnvc

∞∑
k=0

p2k+1(x0)

×
[
ω(2k+1) sin

(
ω(2k+1)t

)
− ω−(2k+1) sin(ω−(2k+1)t)

]

+
1
2
Csnvc

∞∑
k=1

p2k(x0)

×
[
ω(2k) cos

(
ω(2k))t

)
+ ω(−2k) cos

(
ω(−2k))t

)]
(7)

where ωk = ωc + kωd is the frequency of the kth-order side-
band (left or right, depending on the sign of the index k). This
equation gives the Fourier series of the total pick-up current
for the case of parallel-plate capacitive detection of sinusoidal
motion. Fig. 2 shows a power-spectral-density (PSD) plot of
a typical parallel-plate EAM pick-up signal and illustrates its
important features. The signal contains an infinite number of
harmonics corresponding to the drive frequency and multiple
informational sidebands.

Let Vω denote the Fourier component of frequency ω in
the total output voltage V = −RI(t). According to (7), the
amplitudes of the multiple sidebands in the total output voltage
are given by

‖Vω±k
‖ =

1
2
RCsnvc ‖(ωc ± kωd)pk(x0)‖ . (8)

In practice, a high-frequency carrier is usually used [6],
[9] so that ωc � ‖k‖ωd for several first-order harmonics, k =
±1,±2,±3, . . . ,±K. For these low-order sidebands

‖Vω±k
‖ =

1
2
RCsnvc(ωc ± kωd)‖pk(x0)‖

≈ 1
2

(RCsnvcωc) ‖pk(x0)‖. (9)

The amplitudes of the multiple sidebands are proportional
to the functions pk(x0), which we thus call the normalized
sidebands amplitudes. For a given motional amplitude x0,
the normalized amplitudes of the multiple sidebands form a
geometric progression with the ratio

r(x0) = ‖pk+1(x0)‖/‖pk(x0)‖ =
x0

1 +
√

1 − x2
0

. (10)

In Section IV, we discuss how simultaneous demodulation of
the multiple sidebands can be used to produce a self-calibrated
measurement of the motional amplitude x0. Section V provides
experimental confirmation of (10).

IV. DEMODULATION OF PARALLEL-PLATE EAM SIGNAL

In this section, we discuss how the ratio of parallel-plate
EAM sidebands can be used to robustly detect the vibratory
motion. First, we review a conventional linear approach to the
EAM detection as follows [6], [9].

A. Conventional Linear Approach

In the conventional linear approach (i.e., for lateral-comb
sense capacitor or parallel-plate sense capacitor with small-
amplitude assumption), only the main, order k = ±1, sidebands
are considered. In addition, the amplitudes of these main side-
bands are assumed to be linear with respect to the amplitude
of motion, ‖Vωc±ωd‖ ∝ x0. In the conventional approach, the
extraction of the motional amplitude from the EAM pick-up
voltage consists of amplitude demodulation and scaling steps.

1) Mixing V (t) with phase-shifted carrier signal [i.e., mul-
tiplication V (t)

⊗
sin(ωct)] to map the sidebands from

ωc ± ωd to ωd frequency.
2) Low-pass filtering to attenuate signals at frequencies

higher than ωd.
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3) Mixing the resulting signal with sin(ωdt + α) to map the
signal from ωd to dc. Phase α needs to be controlled to
match the phase of motion; alternatively, a dual-phase I/Q
demodulation can be used.

4) The obtained dc signal is scaled by (RCsnvcωc)−1 to
calculate the amplitude of mechanical motion.

Consider a resonant MEMS device in which the amplitude
of motion in a certain vibrational mode needs to be accu-
rately detected. Due to the scaling step 4), the conventional
approach produces the measurement based on assumed values
of such system parameters as transimpedance gain, nominal
capacitance, and carrier voltage amplitude and frequency. Ac-
cordingly, each electromechanical device needs to be calibrated
to identify these parameters. Moreover, during the operation,
some of the parameters are prone to drifts, causing the loss of
calibration. Approaches based on only the first-order sidebands
do not provide a robust solution to this problem. Additionally,
in the case of a parallel-plate sense capacitor, the amplitudes of
the informational sidebands are not linear with respect to the
amplitude of motion. This nonlinearity introduces a significant
systematic error if large amplitude of motion is being measured.

B. SBR-Detection Approach

In the case of parallel-plate sense capacitors, it is possible
to detect arbitrary amplitude of motion without explicitly using
the values of R, Csn, ωc, and vc. The approach is based on
simultaneous processing of multiple sidebands and produces
the measurement of x0 by using the ratio r of magnitudes of
two different order sidebands.

According to (8) and (10), the ratio of amplitudes of any two
successive sidebands depends only on the amplitude of motion
x0, while all other parameters cancel out

‖Vω−(k+1)‖ + ‖Vω(k+1)‖
‖Vω−k

‖ + ‖Vωk
‖ =

‖pk+1(x0)‖
‖pk(x0)‖

= r(x0)

=
x0

(1 +
√

1 − x2
0)
. (11)

From (9), the following approximation is valid for the ratio of
two low-order single-side sidebands:

r(x0) ≈
‖Vωc±(k+1)ωd‖
‖Vωc±kωd‖

. (12)

There is a direct one-to-one relationship between the ampli-
tude of motion and the amplitude ratio of any two successive
parallel-plate EAM sidebands. Solving (10) for the amplitude
of motion yields

x0 =
2r

r2 + 1
. (13)

This relationship can be linearized in order to provide a very
simple method of x0 estimation

x0 ≈ x̃0 = 2r (14)

Fig. 3. Detection of the amplitude of motion based on the measured ratio of
two sidebands.

with the relative error of the linearization given by

e
x̃0

=
x0 − x̃0

x0
= r2. (15)

According to this equation, the relative error of linearization
x̃0 is quadratically small for small amplitudes of motion.

Fig. 3 illustrates (13)–(15). The dimensionless amplitude
of motion x0 can be accurately calculated from the ratio of
parallel-plate sidebands using (13) or estimated by (14). The
ratio of the sidebands depends only on the amplitude of the
motion, while all other common parameters cancel out. A real-
time detection algorithm with inherent self-calibration based on
the SBR is proposed according to the following procedure:

1) Detect amplitude of the first-order sidebands at frequen-
cies ωc ± ωd.

2) Simultaneously, detect amplitude of the second-order
sidebands at frequencies ωc ± 2ωd.

3) Calculate the ratio of amplitudes r = (‖Vω−2‖ +
‖Vω2‖)/(‖Vω−1‖ + ‖Vω1‖) or estimate using a
single-side pair of sidebands r ≈ (‖Vω−2‖/‖Vω−1‖) ≈
(‖Vω2‖/‖Vω1‖).

4) Extract the normalized amplitude of motion x0 =
2r/(r2 + 1).

Demodulation of the first- and second-order sidebands can
be done similarly to the conventional case (see Section VII-C).
A complete real-time implementation of the SBR signal-
processing algorithm is presented in Section VI along with
simulation results.

V. EXPERIMENTAL DEMONSTRATION

In order to verify the relationship between the amplitude
of motion and the ratio of sidebands in (13), test structures
were designed, fabricated, and characterized. The devices were
capacitive MEMS resonators with lateral-comb drive capaci-
tors and lateral-comb and parallel-plate sense capacitors. The
fabrication was done using an in-house wafer-level silicon-on-
insulator (SOI) process. SOI wafers with a highly conductive



1328 JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 16, NO. 6, DECEMBER 2007

Fig. 4. SEM micrograph of a quarter of a fabricated device.

Fig. 5. Experimental spectral measurement of the parallel-plate EAM pick-up
signal at different motional amplitudes (see Table I).

50-µm-thick device layer were used. AZ-4620 photoresist was
spin-coated onto the wafers and patterned using a chrome-
on-glass mask and a Karl Suss MA-6 exposure system. After
photoresist development, the wafers were subjected to a deep
reactive-ion etching using a Surface Technology Systems (STS)
tool and then released in a HF-acid bath. The minimal gap fea-
ture of the process was 5 µm, and the minimal structural feature
was 8 µm. The nominal gap in the parallel-plate sense capacitor
was 25 µm. It should be noted that the relatively large 25-µm
gaps were chosen for easier optical tracking of motion during
the experiments and are not, otherwise, fundamental to the
demonstrated phenomena. A SEM image of a fabricated test
resonator is shown in Fig. 4. The resonator had a resonant
frequency of ≈555 Hz and a quality factor of Q ≈ 15 in air.

During the experiment, the test device was driven into linear
vibrations using a lateral-comb drive capacitor with a combi-
nation of 30-V dc bias with a 0.1–3.5 Vrms ac at 555 Hz.
An ac carrier voltage of 5 Vrms at 20 kHz was applied to the
mobile mass. A parallel-plate sense capacitor was connected
to a transimpedance amplifier, as shown in Fig. 1. The voltage
output of the amplifier was fed into a dynamic signal analyzer
for data capturing and spectral measurements.

Fig. 5 shows the frequency spectrum of the produced pick-
up signal at three different amplitudes of motion, which were

TABLE I
SBR DETECTION OF THE NORMALIZED AMPLITUDE OF MOTION x0(r)

Fig. 6. Simulink model of a resonator with parallel-plate SBR detection.
(a) Top-level schematic. (b) “Robust Detection” block.

visually estimated using a calibrated optical microscope. As
expected from (7), multiple sidebands are present in the spec-
trum, and their amplitudes form a geometric progression (which
is seen as a linear decay of amplitudes on a logarithmic
scale), while the carrier feed-through stays essentially the same.
Table I analyzes the experimental measurements using (13).
As anticipated from the theoretical analysis, the amplitudes of
motion can be obtained from the ratio of subsequent sidebands
without relying on values of any other system parameters.

VI. REAL-TIME ALGORITHM IMPLEMENTATION

A real-time measurement algorithm based on (12) and (13)
was developed and simulated using Simulink software. Fig. 6(a)
shows the overall view of the Simulink model. It consists of the
following high-level blocks.

1) The “Signals” block generates drive and carrier voltages.
2) The “Resonator” block represents a capacitive resona-

tor. The outputs of this block are the displacement x(t)
and the parallel-plate EAM pick-up voltage Vs(t).

3) The “Robust Detection” block extracts the amplitude of
motion from the ratio of parallel-plate EAM sidebands.

Fig. 6(b) shows the demodulation procedure, which con-
sists of two steps: amplitude demodulation of two successive
sidebands and calculation of the motional amplitude from the
ratio of sidebands amplitudes. The “Robust Detection” block
includes dual-phase mixing at frequencies of the first and
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Fig. 7. Simulink model of a resonator with parallel-plate SBR detection.
(a) “Dual-phase mixing” block. (b) “Amplitude from SBR” block.

Fig. 8. Parallel-plate SBR detection of motional amplitude, simulation results.
The bottom figure is a zoom-in of the top plot. The gray sinusoidal line is the
actual motion, and the black envelope line is the result of the demodulation
algorithm.

second left sidebands [Fig. 7(a)]. Extraction of the amplitude
of motion according to (13) is done by the “amplitude from
SBR” block [Fig. 7(b)]. The rest of the model blocks are shown
in Appendix II.

The described Simulink model was used to verify feasibility
of the proposed real-time SBR-detection method. Fig. 8 shows
the results of simulation for a resonator with a quality factor
Q = 100 and a natural frequency of 555 Hz. The carrier voltage
was 2 Vpk at 10 kHz. Other simulation parameters include
the nominal sense capacitance Csn = 1 pF and transimpedance
amplification gain of 0.5 MΩ. During the simulation, the
driving ac voltage amplitude was switched between 1 and 2 Vpk,
causing changes of the motional amplitude. The results of the
simulation confirm feasibility of the SBR-detection algorithm.

VII. DISCUSSION

A. Differential EAM

In the case of differential EAM, all even-order sidebands can-
cel out from the total pick-up signal, while the odd-order side-
bands double in amplitude. Similarly, to the regular case, the
amplitude of motion x0 is calculated using (13); parameter r

can be calculated from the ratio of third and first sidebands
according to

r(x0) =

√
‖Vω−(k+2)‖ + ‖Vω(k+2)‖

‖Vω−k
‖ + ‖Vωk

‖

=

√
‖pk+2(x0)‖
‖pk(x0)‖

≈
√

‖Vω±(k+2)‖
‖Vω±k

‖ . (16)

B. Detection With Pure DC Voltage

In some cases, the effect of parasitics is negligible, and
capacitive detection is done with a purely dc-biased sense
capacitor [12]. In addition, pure dc detection is often used
for frequency-response characterization of vibratory devices; in
this case, responses of the device under test are collected for dif-
ferent frequencies of the ac driving voltage, and contribution of
the parasitics is eliminated using postprocessing [8]. The pure
dc detection does not involve any carrier and is described by (7)
with vc = 0. In this case, the total output voltage is given by

V (t) = RCsnVdcωd

∞∑
k=1

2kp2k(x0)sin(2kωdt)

−RCsnVdcωd

∞∑
k=1

(2k + 1)p2k+1(x0)cos((2k + 1)ωdt). (17)

The information about the amplitude of motion is carried by
the harmonics of the drive frequency. In the conventional linear
approach, only the first harmonic is considered and is assumed
to be proportional to the amplitude of motion. In the complete
nonlinear case, the amplitude x0 can be calculated based on the
ratio of the subsequent harmonics [(13)]. In turn, the ratio r is
easily obtained from the pick-up voltage

r(x0) =
‖pk+1 (x0) ‖
‖pk (x0) ‖

=
k‖V(k+1)ωd‖

(k + 1)‖Vkωd‖
=

‖V2ωd‖
2‖Vωd‖

. (18)

In the case of differential detection with dc-biased parallel-
plate sense capacitors, only the odd-order drive-frequency har-
monics are present; the ratio r can be calculated from the total
pick-up voltage as

r(x0) =

√
k‖V(k+2)ωd

‖
(k + 2)‖Vkωd‖

=

√
‖V3ωd‖
3‖Vωd‖

. (19)

For instance, the ratio of first and third drive-frequency
harmonics can be used.

C. Demodulation

Both the conventional and the proposed detection methods
utilize the amplitudes of certain frequency components of the
total pick-up signal. For instance, in the case of carrier modu-
lation, the proposed method uses amplitudes of the two pairs of
EAM sidebands, ‖Vω±1‖ and ‖Vω±2‖. The detection of these
amplitudes is done by mixing with a reference sinusoidal signal
followed by a low-pass filter stage to obtain a dc measurement.
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The frequency of the reference waveform should match the
frequency of interest. During the operation (either open- or
closed-loop), the reference signals for the drive and carrier
frequencies ωd and ωc are available to the control system.
Since mixing of reference signals results in the summation
of their frequencies, the reference signals for ωk = ωc ± kωd

frequencies of the sidebands can be obtained by mixing ωd

reference with ωc reference once (for the sideband order k = 1)
or twice (for k = 2).

D. Noise Analysis

In this section, we discuss the practical tradeoffs of random
noise performance and accuracy for the proposed measurement
method with comparison to the conventional approach. Let us
assume that, in addition to the useful frequency components,
the total pick-up voltage also contains an additive-white-noise
background. This noise level of the signal line propagates
through a measurement algorithm resulting in the uncertainty
of the produced amplitude measurement.

We denote the effective uncertainty of the sideband am-
plitude demodulation by σ = (CsnvcωcR)e, where e is the
normalized dimensionless uncertainty. In the conventional lin-
ear approach, the amplitude of motion is extracted from the
measured amplitudes of the first-order sidebands. In this case,
the signal-to-noise ratio (SNR) can be defined as

SNR =
‖Vω1‖ + ‖Vω−1‖

σ
=

‖p1 (x0) ‖
e

≈ x0

e
(20)

and is proportional to the amplitude of motion x0 and inversely
proportional to the sideband demodulation uncertainty e.

For the SBR method, the sidebands demodulation uncer-
tainty e is present in the measured amplitudes of both the first-
and second-order sidebands and propagates to the motional
amplitude detection uncertainty through (11) and (13). Accord-
ing to these equations, the SBR-based measurement of x0, in
the presence of demodulation uncertainty, can be expressed as
a random variable

x̂0 = x̂0(x0, ê1, ê2) =
2
(

p2(x0)+ê2

p1(x0)+ê1

)
(

p2(x0)+ê2

p1(x0)+ê1

)2

+ 1
(21)

where ê1,2 are two uncorrelated random variables with zero
mean and equal standard deviation e. According to the mul-
tivariate case of the law of propagation of uncertainty [13],
the uncertainty of the amplitude measurement using the SBR
method is defined by

∆(x̂0) = e

√√√√i=2∑
i=1

(
∂x̂0(x0, ê1, ê2)

∂êi

)2 ∣∣∣∣
ê1,2=0

=
e

√(
x2

0 − 1 −
√

1 − x2
0

)2

(1−x2
0)
(
1+
√

1 − x2
0

)
√

2 x0

.

(22)

Fig. 9. SNR of the conventional and SBR motional amplitude detection
methods for e = −80 dB.

The SNR of the SBR-detection method can be obtained as

SNRsbr =
x0

∆(x̂0)

=
√

2 x2
0

e

√(
x2

0−1−
√

1−x2
0

)2

(1−x2
0)
(
1+
√

1−x2
0

) .
(23)

The SNRsbr is inversely proportional to the initial demodu-
lation uncertainty e and depends on the amplitude of motion x0

in a nonlinear fashion. Fig. 9 shows SNRsbr with comparison to
the conventional linear measurement for e = 10−4 = −80 dB
and assuming equal constants CsnvcωcR. At small amplitudes
of motion, SNR of the conventional method is superior due to
the very small amplitudes of the secondary sidebands ‖Vω±2‖
being masked by the noise. However, SNRsbr improves much
faster with increased amplitude of motion and surpasses the
conventional method at a certain crossover point.

In order to facilitate the comparative noise analysis further,
we introduce the relative noise figure as

NFsbr =
SNR

SNRsbr
=

x0

e
/

x0

∆(x̂0)
=

∆(x̂0)
e

=

√(
x2

0 − 1 −
√

1 − x2
0

)2

(1 − x2
0)
(
1 +

√
1 − x2

0

)
√

2 x0

.

(24)

It describes the ratio of uncertainties for the proposed and
the conventional methods and is, in fact, independent of the
sidebands demodulation uncertainty e. As shown in Fig. 10,
the relative noise figure is a monotonically decreasing function
of x0 and crosses unity at a crossover point of x0 = 0.72; for
large amplitudes of motion, the proposed method provides up to
30 dB improvement of the random noise performance.
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Fig. 10. Noise figure for the SBR-based measurement as compared to the
conventional linear method (does not depend on e).

The presented performance analysis of the SBR method, as
compared to the conventional linear approach, is somewhat
conservative for the following reasons. Conventional linear
detection can be implemented in two alternative ways. First, a
linearized model of the parallel-plate capacitors can be used. At
large amplitudes of motion, this results in a significant system-
atic error, which is much more detrimental to the measurement
than the random noise. The SBR-based method eliminates
this systematic error by using the complete nonlinear model.
Second, lateral-comb capacitors with linear capacitance can
be used for linear detection. However, the nominal capacitive
gradient of combs is typically very small as compared to
parallel plates of the same device area. Thus, for the same signal
uncertainty σ, a parallel-plate capacitor has smaller normalized
noise e, resulting in a smaller amplitude measurement uncer-
tainty and, thus, a more precise measurement.

VIII. CONCLUSION

We presented a novel method of motion detection in capac-
itive resonant devices. The method constructively utilizes the
nonlinearity of parallel-plate capacitors in order to produce an
accurate self-calibrated measurement of the motional amplitude
in real time. Feasibility of the proposed approach is supported
by experimental results and simulations.

In the case of parallel-plate sense capacitor, the pick-up
signal contains multiple nonlinear harmonics corresponding to
the motional frequency. All these harmonics carry informa-
tion about the amplitude of the sinusoidal motion and can
be used simultaneously to detect the amplitude of motion.
Unlike conventional approaches, the proposed SBR-detection
procedure does not depend on values of such system parameters
as the nominal capacitance, the modulating carrier voltage and
frequency, and the gain of the current amplifier. The method
also eliminates the systematic error caused by the parallel-plate
capacitor nonlinearity and provides up to 30 dB improvement
of the SNR for large amplitudes of motion.

The SBR-detection method is applicable to a variety of dy-
namic MEMS devices where the detection of the amplitude of

sinusoidal vibrations is necessary. The method can be employed
with both single-sided and differential schemes using either dc
or ac sensing voltages. Depending on the operational range of
the motional amplitude, the method can be used in two distinct
ways. For devices with large nominal amplitudes of vibration
(as compared to the fabrication process resolution of capacitive
gap features), the method allows to take advantage of highly
sensitive parallel-plate sense capacitors to produce accurate and
precise real-time measurements immune to the initial values
and fluctuations of the capacitance, probing voltages, and am-
plification gains. Gyroscopes with lateral-comb actuation and
parallel-plate detection of the drive-mode motion, such as [14],
are a natural example of such application.

For microstructures with intrinsically small deflections, such
as sense-mode resonators of vibratory gyroscopes, the method
can be used for automatic identification and self-calibration. In
this case, a dedicated procedure can be periodically executed
(for instance, during the start-up) by the device electronics, dur-
ing which the vibration is actuated and detected using the con-
ventional and the SBR method simultaneously. The detection
bandwidth during this procedure can be significantly reduced
to suppress the SBR method random noise present at small
amplitudes of motion. By relating the outputs of both detection
methods, the deflection-to-voltage scaling factors of the device
can be automatically identified and used throughout the real-
time operation. Utilization of the SBR-detection method allows
for easier recalibration of small-amplitude dynamic MEMS
by eliminating any external equipment from the automatic
identification and calibration procedure.

APPENDIX I
DERIVATIONS OF FOURIER SERIES FOR

PARALLEL-PLATE CAPACITANCE

Parallel-plate variable sense capacitance is Cs(t) = Csn/
(1 − x0 sin(ωdt)). Since, physically, x0 < 1, Taylor expansion
method can be used to obtain a precise infinite-series expansion
for the nonlinear parallel-plate capacitance

Cs(t) = Csn

∞∑
n=0

(x0 sin(ωdt))
n . (25)

We use Euler’s formula to convert from powers of sinusoids
to harmonics of multiple frequencies

sin(ωdt) =
1
2i
(
eiωdt − e−iωdt

)
(26)

and Newton’s binomial theorem to expand these terms

(a + b)n =
n∑

k=0

C(n, k)an−kbn (27)

where C(n, k) = Cn
k = n!/k!(n− k)! are Newton’s binomial

coefficients. We substitute the harmonic terms in (25) with
complex exponents using (26). Then, each term in the sum can
be expanded according to (27). Terms of odd and even orders
are then collected in two distinct groups. Finally, (26) can be
used again (this time, in reverse direction) to convert terms
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back from complex exponents to the regular sine and cosine
harmonics. The sense capacitance (normalized with respect to
the nominal sense capacitance) is obtained as

Cs(t)
Csn

=
∞∑

n=0

x0
2n (−1)n

22n−1

n∑
k=0

(−1)n−kC2n
n−k cos(2kωdt)

+
∞∑

n=0

x0
2n+1 (−1)n

22n

×
n∑

k=0

(−1)n−kC2n+1
n−k sin((2k + 1)ωdt). (28)

Equation (28) gives a power series expansion of sense capac-
itance Cs(t) with respect to the normalized motional amplitude
x0. The coefficients in front of each of the x0 power terms are
formed by finite sum of drive frequency harmonics (nωd) with
binomial coefficient weights. We swap the summation order by
algebraically regrouping terms in (28)

Cs(t)
Csn

=
∞∑

k=0

cos(2kωdt)

×
∞∑

n=k

{
(−1)2n−k

22n−1
C2n

n−kx
2n
0

}

+
∞∑

k=0

sin ((2k + 1)ωdt)

×
∞∑

n=k

{
(−1)2n−k

22n
C2n+1

n−k x2n+1
0

}
. (29)

This equation can be rewritten as a Fourier series for the
variable sense capacitance

Cs(t) = Csn

∞∑
k=0

cos(2kωdt)p2k(x0)

+ Csn

∞∑
k=0

sin ((2k + 1)ωdt) p2k+1(x0) (30)

where the pk(x0) Fourier coefficients in front of the harmonic
terms are given by the following infinite power series:

p0(x0) =
∞∑

n=0

C2n
n

22n
x2n

0 , and for k = 0, 1, 2, . . . ,∞

p2k+1(x0) = (−1)k
∞∑

n=k

C2n+1
n−k

22n
x2n+1

0

p2k(x0) = (−1)k
∞∑

n=k

C2n
n−k

22n−1
x2n

0 . (31)

Fig. 11. Simulink model of a resonator with parallel-plate SBR detection.
(a) “Signals” block. (b) “Resonator” block.

Closed-form expressions for pk(x0) are found as

‖pk(x0)‖ =
2√

1 − x2
0

(
x0

(1 +
√

1 − x2
0)

)k

=2p0(x0)

(
x0

(1 +
√

1 − x2
0)

)k

. (32)

APPENDIX II
ADDITIONAL BLOCKS OF THE SIMULINK MODEL

Fig. 11(a) and (b) show content of the “Signals” and
the “Resonator” blocks of the Simulink model, discussed in
Section VI. The “Signals” block generates drive Vd(t) and
carrier Vc(t) voltages and a common time reference for the sys-
tem. In the “Resonator” block, input drive voltage is converted
into electrostatic force, which excites the motion. Displacement
x(t) is used to calculate the total charge of the parallel-plate
sense capacitor. The total output current is calculated as a sum
of parasitic and sense currents. The block outputs the total
amplified voltage.
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