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Abstract—This paper presents a study on dynamics of a dual-

mass MEMS vibratory gyroscope in presence of imperfections

and reports a method for precision electrostatic frequency

tuning of the operational modes. The presented tuning algorithm

involves, first, assessing the modes mismatch using the experi-

mental frequency responses of both proof-masses, followed by

the identification of the stiffness mismatch along the two axes and

anisoelasticity angles ↵ and �, then choosing the tuning voltages

for modification of the diagonal, off-diagonal, and coupling terms

in the stiffness matrix. Results of simulation are verified using

experimental electrostatic frequency tuning of a dynamically

amplified gyroscope. The frequency split between the operational

modes was reduced from 26 Hz down to 50 mHz, resulting in

17x increase in the gyroscope scale factor.

INTRODUCTION

Conceptually, a single-axis gyroscope requires a single
proof-mass for measuring the Coriolis acceleration induced
angular rate. However, a number of multi-mass solutions have
emerged in recent years, pursuing different goals, such as an
anchor loss mitigation and a common-mode rejection of shock
and vibration [1], improvement of environmental robustness
by increasing the bandwidth [2], or dynamic amplification of
motion for improved sensitivity [3]-[4].

Along with many advantages of the dual-mass systems,
the symmetry of the mode-matched gyroscope with a multi-
mass structural element as well as a method for correction
of fabrication imperfections is a challenge. Most of the elec-
trostatic tuning methods, previously described in literature,
consider a 2-degrees-of-freedom system with a 2x2 stiffness
matrix, [5]-[6]. However, increasing a number of proof-masses
in gyroscope results in a more complex form of the system
stiffness matrix. Hence, new algorithms have to be developed
for precision electrostatic tuning.

In this paper, we study the dynamics of an imperfect dual-
mass system, using, as an example, a dynamically ampli-
fied MEMS gyroscope. A method for electrostatic frequency
tuning of such multi-degree of freedom system is described
and experimental verification of the proposed approach is
presented.

DESIGN AND FABRICATION OF DYNAMICALLY AMPLIFIED
GYROSCOPE

We report a design of dynamically amplified gyroscope
with a dual-mass architecture (Fig.1), where the increase in
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Fig.1. Micro-photograph of fabricated prototype of a dynamically amplified
dual-mass gyroscope.

structural degrees of freedom is used to improve sensitivity,
linearity, and reduce drift. In the amplitude amplified gyro-
scope, the first, “drive mass”, is used for drive and control and
the second, “slave mass”, is used for sense and is designed
to vibrate at amplified amplitude of motion.

The gyroscope has a footprint of 7.4x7.4 mm2. It is
comprised of an inner, “drive mass”, and an outer, “slave
mass”, mechanically connected by means of the concentric
rings suspension. In the rate measuring mode of operation,
the drive and sense modes consist of the translational motion
of the driving mass and dynamically amplified, in-phase
translational motion of the slave mass along the X and Y
axes, correspondingly, Fig.2 (a) and (b). In the rate integrat-
ing mode of operation, the line of oscillation of two proof-
masses precess in presence of Coriolis force, while the motion
of the slave mass is dynamically amplified. Devices were
designed to operate at the resonant frequency of 17.5 kHz
and to provide the dynamic amplification in the range from
5x to 10x.

The suspension is formed by four 18 µm thick concentric
rings between the two masses and eleven 18 µm thick con-
centric rings, connecting the inner mass to the center anchor.
Each proof-mass is surrounded by 16 electrodes with parallel
plates for drive, pick-off, and electrostatic tuning, Fig.3.

Prototypes of the gyroscope were fabricated using a single-



Fig.2. FEA model, showing drive mass motion and amplified motion of slave
mass in (a) drive-mode direction; (b) sense-mode direction.

Fig.3. Configuration of driving and tuning electrodes of dynamically ampli-
fied dual-mass gyroscope.

mask SOI fabrication process with a 100 µm thick device
layer and using a 1.5 µm thick thermal oxide layer as a mask
for the deep reactive ion etching of silicon.

GYROSCOPE DYNAMICS

The dual-mass gyroscope dynamical system is analyzed
in the non-inertial coordinate frame associated with the gy-
roscope. The equations of motion are derived using a dual
mass-spring-damper model. In an ”ideal” case, when damping
mismatch and structural anisoelasticity are not considered,
the governing equations of motion of a gyroscope, measuring
rotation about the z-axis, are expressed in matrix form as

[M ]q̈ + [C]q̇ + [K]q + [Rc]q̇ = [F ], (1)

where q is the vector of the generalized coordinates
q = [x1y1x2y2]

T . The generalized mass and damping matri-
ces have the structure:

M =

2

664

m1 0 0 0
0 m1 0 0
0 0 m2 0
0 0 0 m2

3

775 , C =

2

664

c1 0 0 0
0 c1 0 0
0 0 c2 0
0 0 0 c2

3

775

The external force vector and the Coriolis force matrix have
the structure:

F =

2

664

Fx1

Fy1

0
0

3

775 , Rc =

2

664

0 �2m1⌦ 0 0
2m1⌦ 0 0 0

0 0 0 �2m2⌦
0 0 2m2⌦ 0,

3

775

Fig.4. (a) Simulated freq. response with predicted amplification of 5x. (b)
Experimental response with coupling of drive and sense modes: �f=26Hz;
amplification 4.7x.

Fig.5. Imperfections in suspension and mass cause the misalignment of
principle axes of elasticity. Anisoelasticity angles for inner and outer masses
are denoted as ↵ and �.

where ⌦ is the angular rate applied around the Z axis.
Finally, the generalized stiffness matrix has the structure:

K =

2

664

kx1 + kx2 0 �kx2 0
0 ky1 + ky2 0 �ky2

�kx2 0 kx2 0
0 �ky2 0 ky2

3

775 , (2)

where kx1 and kx2 are the stiffness coefficients along
the X axis for the inner and the outer mass suspension,
correspondingly; ky1 and ky2 are the stiffness coefficients
along the Y axis for the inner and the outer mass suspension,
correspondingly, Fig.5.

EXPERIMENTAL FREQUENCY RESPONSE

Experimental frequency response of the sensor was ob-
tained using electrostatic excitation with 10V DC voltage and
60mV AC voltage applied to the X1D driving electrodes of
the inner mass. Characterization of the fabricated prototype
revealed the central frequency of 17.44 kHz with the ampli-
fication factor of 4.7x and the frequency split (�f) of 26 Hz,
Fig.4(b).

The first peak on the sense-mode frequency response curve
in Fig.4(b) corresponds to the frequency of the sense mode,
the second peak corresponds to the frequency of the drive
mode and is caused by the coupling of the drive motion to
the sense mode. This coupling leads to the energy distribution



Fig.6. Freq. response showing tuning of the off-diagonal terms of stiffness
matrix and reduction of coupling between modes: (a) simulated; (b) experi-
mental.

between the modes and results in reduced amplitude amplifi-
cation factor as compared to the analytically predicted, 4.7x
vs 5x, Fig.4.

ELECTROSTATIC CORRECTION OF STRUCTURAL
IMPERFECTIONS

Experimental frequency characterization of 12 prototypes
revealed a frequency split between the modes (�f) in the
range from 25 Hz to 59 Hz, which arises from fabrication-
induced asymmetries in mechanical element. In case of a dual-
mass gyroscope, the structural symmetry is defined by a 4x4
stiffness matrix (2).

Imperfections in suspension and mass cause the misalign-
ment of the principle axes of elasticity [7]-[8] of both masses,
resulting in non-zero off-diagonal terms of the stiffness matrix
and increased coupling between the drive and sense modes,
Fig. 5. Fabrication imperfections of both masses also result
in non-equal diagonal terms of the stiffness matrix, leading
to frequency splits between the modes.

The resulting generalized stiffness matrix for the dual-mass
system in presence of stiffness imperfections has the structure:

K =

2

664

k11 k12 k13 k14
k12 k22 k23 k24
k13 k23 k33 k34
k14 k24 k34 k44

3

775 , (3)

where

k11 = cos2↵(kx1 + kx2) + sin2↵(ky1 + ky2);

k12 = 0.5 ⇤ sin2↵(kx1 + kx2 � ky1 � ky2);

k13 = �kx2cos� ⇤ cos↵� ky2sin� ⇤ sin↵;
k14 = �kx2sin� ⇤ cos↵+ ky2cos� ⇤ sin↵;

k22 = sin2↵(kx1 + kx2) + cos2↵(ky1 + ky2);

Fig.7. Freq. response showing tuning of the diagonal terms of stiffness
matrix and reduction of frequency split between modes: (a) simulated; (b)
experimental.

k23 = �kx2cos� ⇤ sin↵+ ky2sin� ⇤ cos↵;
k24 = �kx2sin� ⇤ sin↵� ky2cos� ⇤ cos↵;

k33 = cos2� ⇤ kx2 + sin2� ⇤ ky2;
k34 = 0.5 ⇤ sin2�(kx2 � ky2);

k44 = sin2� ⇤ kx2 + cos2� ⇤ ky2.

Here, ↵ and � are the anisoelasticity angles for the inner
and outer mass, correspondingly.

Our method for precision electrostatic frequency tuning of
the operational modes is based on estimation of the anisoe-
lasticity angles using the experimental frequency responses
of inner and outer proof-masses, followed by identification of
the tuning voltages using an analytical solution of the dynamic
equations in presence of imperfections:

[M ]q̈ + [C]q̇ + ([K]� [Ke])q + [Rc]q̇ = [F ], (4)

where ([K]� [Ke]) is the electrostatically modified stiffness
matrix.

Electrostatic tuning matrix has the structure:

Ke =

2

664

ke11 ke12 0 0
ke12 ke22 0 0
0 0 ke33 ke34
0 0 ke34 ke44

3

775 . (5)

The experimental frequency responses of the drive and
slave masses were fitted to the analytical solutions of the
dynamic equations (1) for the dual-mass system in presence of
imperfections. For the prototype of the dynamically amplified
gyroscope with a 26 Hz frequency split (�f) between the
operation mode, the anisoelasticity angles ↵= 29� and �=26�

were found.
Next, the terms of the matrix KE for tuning the diagonal,

off-diagonal and coupling terms were analytically identified



Fig.8. Using simultaneous tuning of diagonal, off-diagonal, and coupling
terms in stiffness matrix, the frequency split between the operational modes
was reduced from 26 Hz down to 50 mHz.

Fig.9. Gyroscope response to sinusoidal input of the rate table, showing 17x
higher SF and stable amplitude after tuning.

and the necessary tuning voltages for the two masses were
determined.

The DC voltages were applied to the electrodes (TY2A,
TY2W) and (TY1A, TY1W) to modify the off-diagonal terms
of the stiffness matrix, Fig.6 (b). To compensate for the
coupling between the modes, the DC voltage of 31 V was
applied between the electrodes (TY2A, TY2W), while the DC
voltage of 24.7 V was applied between the electrodes (Y1A,
TY1W). This result is in good agreement with the analytically
predicted values, Fig.6 (a).

In addition, the DC voltage of 50.7 V was applied to the
electrodes Y2D to modify the diagonal terms of the stiffness
matrix, enabling mode matching, Fig.7 (b). The predicted
value of the DC voltage to be applied to these pair of
electrodes was 46.1 V, which is in good agreement with the
experiment, Fig.7 (a).

The coupling terms of the stiffness matrix, arising from
the mechanical coupling of the two masses, are compensated
during the simultaneous off-diagonal tuning and diagonal
tuning.

During the higher precision tuning, when the resonant peaks

of the gyroscope were tracked in the narrow range of frequen-
cies, operational modes were tuned down to 50 mHz using
the following DC voltages: TY2A-TY2W=29.6V; TY1A-
TY1W=24.7V; Y2D=50.7V, Fig.8. Lower tuning voltages
can be used if the Y2S electrodes in addition to the Y2D
electrodes are assigned for the diagonal tuning.

The rate table characterization of the gyroscope before
and after tuning showed an increase in scale factor by
more than an order of magnitude, from 0.0045 mV/deg/s to
0.0766 mV/deg/s, Fig.9.

CONCLUSION

An analytical model of a dual-mass system in presence of
imperfections has been presented and a method of electro-
static compensation of structural imperfections in dual-mass
gyroscope has been reported. The tuning procedure is based
on estimation of the modes mismatch and coupling between
the modes, utilizing the experimental frequency response data.
The analytical model is then used to determine the necessary
tuning voltages to permit the removal of anisoelasticity and
the principle axes stiffness mismatch, thus enabling the gyro-
scope operational modes to be tuned.

The method of electrostatic tuning was validated through
the experimental characterization of a dual-mass dynamically
amplified gyroscope, where the frequency split between the
operational modes was reduced from 26 Hz down to 50 mHz,
resulting in 17x increase in the gyroscope scale factor.
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