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a  b  s  t  r  a  c  t

This  paper  presents  a  study  on dynamics  of  a dual-mass  MEMS  vibratory  gyroscope  in presence  of  fabri-
cation  imperfections  and  reports  a method  for precision  electrostatic  frequency  tuning  of  the operational
modes.  A number  of  multi-mass  MEMS  gyroscopes  have  emerged  in  recent  years  pursuing  different  goals,
such  as  dynamically  balanced  structure,  increased  bandwidth,  and  dynamic  amplification.  Along  with
many  perceived  advantages  of  multi-mass  devices,  several  challenges  associated  with  mode-matching
in  a system  with  increased  number  of  degrees-of-freedom  (DOF)  have  to  be considered.  This  work  shows
that  it is possible  to apply  the  DC tuning  techniques,  similar  to tuning  a  conventional  single-mass  gyro-
scope,  to  achieve  the  precision  tuning  in a dual-mass  sensor,  without  losing  advantages  of  increased  DOF
of the  system.  The  presented  frequency  trimming  technique  is  based  on assessing  the  modes  mismatch
and  cross-coupling  between  modes  by means  of fitting  the  experimental  frequency  response  curves  to  the
analytical  solutions  of the  dual-mass  system  in  presence  of  imperfections.  The  tuning  algorithm  involves
two  steps.  First,  the  stiffness  mismatch  along  the  two  axes  and the  anisoelasticity  angles  ˛  and  ˇ are
identified,  then  the  tuning  DC  voltages  for  modification  of  diagonal,  off-diagonal,  and  coupling  terms  in

the  stiffness  matrix  are  chosen.  The  method  of electrostatic  tuning  was  validated  through  the  experi-
mental  characterization  of  a dual-mass  dynamically  amplified  gyroscope,  where  the  coupling  between
the  two  operational  modes  was  minimized  and  frequency  split  was reduced  from  26 Hz  down  to 50  mHz,
resulting  in  17.5×  increase  in  the  gyroscope  scale  factor  and  significantly  improved  noise  characteristics.
The  presented  electrostatic  compensation  method  is suitable  for both  off-line  and  on-line  calibration.

© 2018  Elsevier  B.V.  All  rights  reserved.
. Introduction

Conceptually, a single-axis gyroscope requires a single proof-
ass for measuring the Coriolis acceleration induced angular rate

ignal. In recent years, however, a variety of multi-mass solutions
merged offering advantages, such as dynamic balance, Fig. 1(a),
ncreased bandwidth, Fig. 1(b), and dynamic amplification, Fig. 1(c).

Dynamically balanced systems, Fig. 1(a), such as, for example,
he Dual Foucault Pendulum (DFP) gyroscope [1], utilize two, four or

ore dynamically equivalent, mechanically coupled proof-masses,
scillating in anti-phase motion, for improved vibration immunity
nd anchor loss mitigation, resulting in ultra-high quality factor.
he concept of dynamic balance for anchor loss mitigation and a

ommon-mode rejection of shock and vibration is employed in the
esign of the Tuning Fork (TF) Gyroscope [2], where two dynam-

cally equivalent mechanically coupled proof masses are utilized.

∗ Corresponding author.
E-mail address: aefimovs@uci.edu (A. Efimovskaya).

ttps://doi.org/10.1016/j.sna.2018.03.001
924-4247/© 2018 Elsevier B.V. All rights reserved.
A similar principal is employed in the design of a Quadruple Mass
Gyroscope (QMG) [3], where the structural element is formed by
four mechanically coupled proof-masses, enabling a dynamic bal-
ance of forces and moments in the anchor in both drive and sense
modes.

Acar et al. demonstrated an increased bandwidth inherently
robust dual-mass gyroscope [4]. The mechanical element was  com-
prised of a two degree-of-freedom (DOF) sense-mode oscillator,
formed by two  interconnected masses, Fig. 1(b). The device was
operated in the flat region of the sense-mode response curve, where
the amplitude and phase of the response are insensitive to environ-
mental fluctuations.

Another example of a multi-mass solution is a dual-mass
dynamically amplified system, Fig. 1(c), where an increased num-
ber of degree-of-freedom (DOF) results in dynamic amplification of
motion and improved sensitivity of the device [5,6].
Along with many advantages of the dual-mass systems, the
structural symmetry is a challenge. The symmetric mechanical ele-
ment is necessary for the mode-matched devices, and a method of
compensation for fabrication imperfections is required.

https://doi.org/10.1016/j.sna.2018.03.001
http://www.sciencedirect.com/science/journal/09244247
http://www.elsevier.com/locate/sna
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sna.2018.03.001&domain=pdf
mailto:aefimovs@uci.edu
https://doi.org/10.1016/j.sna.2018.03.001
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ig. 1. Examples of multi-mass gyroscopes: (a) dynamically balanced two-mass sys-
em,  (b) dual-mass system with 2-DOF sense-mode oscillator and (c) dynamically
mplified system.

Most methods of matching the operational modes of the gyro-
cope can be divided in two general categories: passive techniques,
uch as post-processing mechanical trimming methods [9–13], and
ctive techniques, such as electrothermal [14], feedback control,
15–17], and electrostatic tuning [18–33].

Mechanical trimming methods are based on a permanent mod-
fication of the structure by means of selective adding/removing

aterial to/from the vibrational element. Such trimming can
mploy, for example, laser ablation [9,10], focused ion beam [11],
nd selective deposition [12,13]. The main advantage of this tech-
ique is a permanent change of the sensor structure, enabling
inimization of voltages necessary for subsequent electrostatic

uning. The passive tuning method, however, is mainly limited to
ff-line calibration in a laboratory environment.

In contrast to the mechanical trimming, active tuning tech-
iques do not introduce a permanent modification of the structure,
o not require expensive precision trimming equipment, and can
e implemented in real-time after the sensor is packaged, including
uring an on-line in-field calibration. A method of active ther-
al  tuning for microresonators using resistive heaters to generate

ocalized thermal stresses in the structure is described in [14]. A
umber of active tuning approaches using feedback control for
uadrature signal compensation [15], and precision mode match-

ng [16,17], were reported in literature.
Electrostatic tuning, which employs electrostatic force gradients

o selectively modify the effective stiffness of a certain operational
ode, is a common active-tuning technique for the gyroscope
ode-matching. The method has been extensively studied by dif-

erent research groups. An active electrostatic “trimming” utilizing
on-linearity of capacitive parallel-plate actuators was applied for

requency tuning and reduction of modes coupling in rate inte-
rating gyroscopes [18]. An approach for electrostatic tuning of
he wineglass modes in MEMS  ring gyroscopes was described in

19,20]. In these publications, the 16 tuning electrodes surrounding
he ring structure were used to independently modify the diago-
al and off-diagonal terms of the structural stiffness matrix and
o achieve a reduction of the frequency split between the modes.
ctuators A 275 (2018) 99–108

Electrostatic tuning has been successfully used for many other dif-
ferent types of planar [1,23–28], and three-dimensional structures
[29–33].

The focus of this paper is on precision electrostatic tuning of
the operational modes in a gyroscope with a dual-mass struc-
tural element. Most of the electrostatic tuning methods, previously
described in the literature, considered a 2-degrees-of-freedom sys-
tem with a 2 × 2 stiffness matrix [18–20]. However, increasing the
number of proof-masses in a gyroscope results in a more complex
form of the system’s stiffness matrix. Hence, new algorithms have
to be developed for precision electrostatic tuning. In this paper,
we study the dynamics of an imperfect dual-mass system, using as
an example a dynamically amplified MEMS  gyroscope. A method
of electrostatic frequency tuning in such multi-degree of freedom
system is described and experimental verification of the proposed
approach is presented.

In the following sections, we will first introduce the dynamic
amplification concept, Section 2. We  will then present the design
of a dynamically amplified gyroscope, which is used for illustra-
tion of the frequency tuning algorithm, Section 3. In the same
Section 3, we  will also derive dynamic equations of a dual-mass
system and report results of experimental characterization of the
fabricated prototypes, demonstrating the amplitude amplification
phenomenon. In Section 4, we  will describe an algorithm for the
precision electrostatic tuning of a dual-mass dynamically amplified
gyroscope and provide experimental verification of the proposed
approach. Introduction of the tuning algorithm will be followed by
comparison of the sensor performance, before and after electro-
static tuning, in Section 5. Section 6 concludes the paper with a
discussion on applicability of the presented electrostatic compen-
sation technique.

2. Dynamic amplification concept

Dynamic amplification of motion has been previously employed
in design of MEMS  structures. Mechanical lever has been utilized
in resonant and quasi-static accelerometers to enhance sensitivity
through force [21], and displacement amplification [22]. In princi-
pal, a lever can be used for motion amplification in gyroscopes,
however, due to the requirement of symmetry and degeneracy
of operational modes, it is difficult to implement a displacement-
amplifying lever in design of an angle-measuring device.

Alternatively, a coupled dual-mass system can be used for
motion amplification [5,6]. A dual mass-spring model of a simple
dynamically amplified system is shown in Fig. 1(c). The system is
comprised of two  mechanically coupled proof-masses: drive mass
m1 and slave mass m2. Here, kx1 is the spring constant of coupling
between the mass m1 and the anchor, kx2 is the spring constant of
coupling between the two proof-masses. The dynamic equations of
motion for this system can be expressed as:

m1ẍ1 + c1ẋ1 + (kx1 + kx2)x1 − kx2x2 = Fx1;

m2ẍ2 + c2ẋ2 + kx2x2 − kx2x1 = 0,
(1)

where c1 and c2 are the damping coefficients of the drive and the
slave masses, respectively. Fx1 is the external force applied to the
drive mass.

The system of Eq. (1) can be solved with respect to the ratio
between the amplitudes of the drive and slave masses [5]:

A = X2

X
= kx2

k + c (iω) − m ω2
, (2)
where ω is the frequency of an external force applied to the
drive mass. The frequency of the driving force is the first reso-
nant frequency of the coupled dual-mass system (Fig. 2), where
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ig. 2. Dynamic amplification at the first resonant frequency of the coupled dual-
ass system.

he dynamic amplification condition (A > 1) is satisfied and high
eflections of the slave mass can be achieved:

ω = 1
2

[
kx1 + kx2

m1
+ kx2

m2

]

−1
2

√
(kx1 + kx2)2

m2
1

+ k2
x2

m2
2

− 2kx2(kx1 − kx2)
m1m2

.

(3)

From Eqs. (2) and (3), it can be concluded that in order to max-
mize the dynamic amplification factor A, the spring constant kx2,
he damping coefficient c2, and mass m1 have to be reduced, while
he spring constant kx1 and mass m2 have to be increased.

. Dynamically amplified gyroscope

.1. Design and fabrication

The dynamic amplification concept can be applied in design of a
EMS  gyroscope with a dual-mass architecture (Fig. 3), where the

ncrease in structural degrees of freedom is used to improve sensi-
ivity, linearity, and to reduce drift [5,6]. In a dynamically amplified
yroscope, the first, the“drive mass”, is actively driven to oscillate at

 small amplitude of motion, in a linear operational regime. Mean-
hile, the mechanically coupled “slave mass” is used for sensing

he Coriolis signal. The amplitude of motion of the “slave mass”
s dynamically amplified resulting in increased scale factor of the
yroscope.

The gyroscope prototypes have a footprint of 7.4 mm × 7.4 mm.
he design parameters are summarized in Table 1. In order to

nvestigate the dependence of the sensor dynamic amplification
actor on structural imperfections in the system, two  designs of
he gyroscope were studied, providing the dynamic amplification
f 5× (Design I) and 10× (Design II). The sensor is comprised of

able 1
esign parameters of the dynamically amplified gyroscope.

Dynamic amplification 

Footprint, mm2

Drive  mass, kg 

Slave  mass, kg 

Operational frequency (1st resonance of a dual-mass system in Fig. 2), kHz 

2nd  resonance of a dual-mass system in Fig. 2, kHz 

Number of rings in inner suspension 

Number of rings in outer suspension 

Width of rings, �m 

Stiffness k1, kN/m
Stiffness k2, kN/m 

Capacitive gap, �m 

Total  inner capacitance, pF 

Total  outer capacitance, pF 

Q  TED limited 

Q  air-damping limited (at 0.12 �Torr) 
Fig. 3. Micro-photograph of a fabricated prototype of the dynamically amplified
dual-mass gyroscope [8].

an inner, “drive mass”, and an outer, “slave mass”, mechanically
connected by means of the concentric rings suspension. The outer
suspension is formed by 18 �m thick concentric rings between the
two masses. The inner suspension is also formed by 18 �m thick
concentric rings, connecting the inner mass to the center anchor.

Each proof-mass is surrounded by 16 electrodes with parallel
plates for drive and pick-off. The capacitive parallel-plate actuators
are also used for frequency tuning through the electrostatic spring-
softening effect [7]. To provide close-to-a-linear driving regime,
devices are electrostatically driven to oscillate with small ampli-
tudes of a driving mass: 300 nm and 150 nm,  correspondingly, for
Design I and Design II. Dynamic amplification results in high ampli-
tude of motion of the outer mass: 1.5 �m for both designs.

The nominal capacitive gap between the parallel plates is 5 �m.
The minimum gap of the sensor is limited by the aspect ratio of the
DRIE etching process, which is currently 20:1. A reduced nominal
gap in thinner than 100 �m device layer could be used for improved
transduction factor for the drive, sense and tuning electrodes. How-
ever, reduction of the structural layer thickness leads to lowered
out-of-plane modes and, as a result, degraded environmental per-
formance.

The two  proof-masses are driven to oscillate in in-phase motion,
Fig. 4. Devices were designed to operate at the resonant frequency

of 17.5 kHz.

The axisymmetric dynamically amplified gyroscope can operate
in a rate or an angle measuring mode, Fig. 5. In the rate measur-
ing mode of operation, the drive and sense modes consist of the

Design I Design II

5× 10×
7.4 × 7.4 7.4 × 7.4
1.23e−6 1.23e−6
2.07e−6 2.07e−6
17.2 19.3
52.4 65.8
22 7
4 4
18 18
84.9 166.8
43.4 43.4
5 5
7.21 7.21
16.5 16.5
90k 105k
3.3 M 4 M
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Fig. 4. FEA model, showing a characteristic motion of “drive mass” and in-phase
amplified motion of “slave” mass in (a) drive-mode direction and (b) sense-mode
direction.

Fig. 5. (a) In rate measuring mode, sense deflection (Y-axis) is proportional to the
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coordinate frame attached to the outer frame of the die). The
equations of motion are derived using a dual mass-spring-damper
model. In an “ideal” case (Fig. 6(a)), when damping, stiffness mis-
match, and structural anisoelasticity are ignored, the governing
nput angular rate and (b) in angle measuring mode, angle of precession follows the
egative angle of rotation (or, equivalently, preserves its orientation of vibration in
he  absolute-inertial coordinate frame).

ranslational motion of the driving mass, and dynamically ampli-
ed in-phase translational motion of the “slave mass” along the X
nd Y axes, correspondingly, Fig. 5(a). The mechanical element is
riven to oscillate in drive mode along the X direction. The sense
ode oscillations (along the Y direction) are induced by the Cori-

lis force due to inertial rotation. The amplitude of the slave mass
eflection along the Y axis is proportional to the input angular rate:

Ay
slave

= 2 k�Ax
slave

Qy

ωy

√
1 + (2Qy�ω/ωy)2

, (4)

here Ax
slave

is the dynamically amplified amplitude of oscillations
f the “slave” mass along the X direction, k is the sensor’s angular
ain factor, � is the applied angular rate, ωy and Qy are the sense
ode natural frequency and quality factor, respectively, �ω  is the

requency mismatch between the modes.
For a high quality factor and a small frequency split between the

perational modes, considering an angle gain factor k = 1, Eq. (4) can
e reduced to a standard equation for sense-mode displacement of

 mode-matched gyroscope [36,38];

y = 2x�
Qy

ω
. (5)

ere the displacement x is defined by the amplitude of dynamically
mplified oscillations of the “slave” mass along the X direction.

In the rate integrating mode of operation, the in-phase transla-
ional motion of the two proof-masses is free and unconstrained,
hile the motion of the slave mass is dynamically amplified. Gen-

rally, the trajectory of free oscillations is an elliptical orbit (or a
traight line, in an ideal case). When an angular rotation is applied,
ig. 5(b), the line of oscillation of the two proof-masses starts pro-
essing in presence of the Coriolis force, legging behind the rotation
ith the precession coefficient k, defined by the sensor geometry
36]:

� = −k

∫
�(�)d�, (6)
ctuators A 275 (2018) 99–108

where k is called the sensor angular gain factor and � is the applied
angular rotation. For the rate integrating mode of operation, the
angular rate drift of the gyroscope can be expressed as [39]:

�̇ ≤ 1
2

∣∣∣�(
1
�

)∣∣∣ + q

Aslave

∣∣�ω
∣∣ , (7)

where
∣∣�(

1
�

)∣∣ is the difference in damping coefficients along the

two principal directions of vibration,
∣∣�ω

∣∣ is the frequency split
between the two  modes of vibration, Aslave is the amplitude of
oscillation along the major diagonal of the elliptical orbit, q is the
amplitude of oscillation along the minor diagonal of the elliptical
orbit.

From Eqs. (4) and (7), it can be concluded that dynamic ampli-
fication is beneficial for both the angular rate and the angle
measuring modes of operation since it allows for improved scale
factor and reduced drift of the gyroscope.

In a dual-mass architecture the drive mass is actuated at a
small amplitude of motion, allowing to preserve the linearity of
the capacitive parallel-plate drive. Meanwhile, dynamic amplifica-
tion in a coupled system allows for the slave mass to respond to
the drive mass motion with an amplified amplitude, resulting in
enhanced sensitivity.

In [37], the performance of the dual-mass gyroscope with ampli-
tude amplification architecture was compared to a single-mass
sensor of the similar footprint with a similar nominal capacitance,
and equal frequency split between the operational modes. Both
gyroscopes were driven to the same amplitude of vibration, and
the experimental characterization showed 3× larger scale factor,
2.8× lower bias instability, and 2.5× lower Angle Random Walk
(ARW) of the dual-mass gyroscope as compared to a single-mass
device.

Prototypes of the dynamically amplified gyroscope, Fig. 3, were
fabricated on a wafer-level using a single-mask SOI fabrication pro-
cess with a 100 �m thick device layer and using a 1.5 �m thick
thermal oxide layer as a hard mask for the Deep Reactive Ion Etch-
ing (DRIE) of silicon. The SPTS APS PM tool was  utilized to define the
silicon dioxide hard mask, while STS System DRIE was  utilized for
etching the silicon device layer. Once the fabrication process was
complete, the wafers were diced using an ultra-clean stealth dicing
method. The sensors were then released using a stiction-free vapor
HF process (for 1 hr 15 min  at 45 ◦C temperature) and packaged in
ceramic Leadless Chip Carrier (LCC) packages.

3.2. Equations of motion

The dynamics of a dual-mass system is analyzed in the non-
inertial coordinate frame associated with the gyroscope (the
Fig. 6. (a) “Ideal” dual-mass system, when damping, stiffness mismatch, and struc-
tural anisoelasticity are not considered and (b) imperfections in suspension and
mass cause the misalignment of the principal axes of elasticity.
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Fig. 8. Gyroscope Design II: (a) simulated freq. response with predicted amplifica-

ig. 7. Gyroscope Design I: (a) simulated freq. response with predicted amplifica-
ion of 5× and (b) experimental response with coupling of drive and sense modes:

f  = 26 Hz; amplification 4.7×.

quations of motion of a gyroscope, measuring rotation about the
-axis, are expressed in a matrix form as

M]q̈ + [C]q̇ + [K]q + [Rc]q̇ = [F], (8)

here q is the vector of the generalized coordinates q =
x1y1x2y2]T . The generalized mass and damping matrices have the
tructure:

 =

⎡
⎢⎢⎢⎢⎣

m1 0 0 0

0 m1 0 0

0 0 m2 0

0 0 0 m2

⎤
⎥⎥⎥⎥⎦ , C =

⎡
⎢⎢⎢⎢⎣

c1 0 0 0

0 c1 0 0

0 0 c2 0

0 0 0 c2

⎤
⎥⎥⎥⎥⎦

he external force vector and the Coriolis force matrix have the
tructure:

 =

⎡
⎢⎢⎢⎣

Fx1

Fy1

0

0

⎤
⎥⎥⎥⎦ , Rc =

⎡
⎢⎢⎢⎢⎣

0 −2m1� 0 0

2m1� 0 0 0

0 0 0 −2m2�

0 0 2m2� 0

⎤
⎥⎥⎥⎥⎦ ,

here � is the angular rate applied around the Z axis.
Finally, the generalized stiffness matrix has the structure:

 =

⎡
⎢⎢⎢⎢⎣

k1 + k2 0 −k2 0

0 k1 + k2 0 −k2

−k2 0 k2 0

0 −k2 0 k2

⎤
⎥⎥⎥⎥⎦ , (9)

here k1 and k2 are the stiffness coefficients for the inner and the
uter mass suspension, correspondingly.

.3. Experimental demonstration of dynamic amplification

Experimental frequency response of the sensor was  obtained
sing electrostatic excitation with 10 V DC voltage and 60 mV  AC
oltage, applied to the driving electrodes of the inner mass. Design

 devices were designed to operate at the resonant frequency of
7.5 kHz and to provide the dynamic amplification of 5×, Fig. 7(a).
haracterization of the fabricated Design I prototype revealed the
entral frequency of 17.44 kHz with the amplification factor of 4.7×
nd the frequency split (�f) of 26 Hz, Fig. 7(b). Design II devices
ere designed to operate at the resonant frequency of 19 kHz and
o provide the dynamic amplification of 9.2×, Fig. 8(a). Character-
zation of the fabricated Design II prototype revealed the central
requency of 18.93 kHz with the amplification factor of 9× and the
requency split (�f) of 30 Hz, Fig. 7(b).
tion of 9.2× and (b) experimental response with coupling of drive and sense modes:
�f  = 30 Hz; amplification 9×.

For the drive and slave masses in Figs. 7(b) and 8(b), the first peak
on the sense-mode frequency response curves corresponds to the
frequency of the sense mode, the second peak corresponds to the
frequency of the drive mode and is caused by the coupling of the
drive motion to the sense mode. This coupling leads to the energy
distribution between the modes and results in reduced amplitude
amplification factor as compared to the analytically predicted, 4.7×
vs 5×, Fig. 7, and 9× vs 9.2×,  Fig. 8. It is important to notice that a
stronger coupling between the drive and sense modes of the Design
I prototype resulted in higher drop in the amplification factor, as
compared to the Design II prototype.

4. Electrostatic correction of structural imperfections

Experimental frequency characterization of 12 prototypes from
the same fabrication run revealed a frequency split between the
modes (�f) in the range from 25 Hz to 59 Hz, which arises from
fabrication-induced asymmetries in the mechanical element.

Mode splitting is defined mainly by the etching uniformity of
DRIE process and accuracy of the etching mask. The sensors features
of the thermal oxide etching mask are defined with high precision,
using Shipley 1827 photoresist lithography, followed by oxide etch-
ing and photoresist stripping. To improve the etching uniformity,
the uniform gaps and uniform loading across the device and across
a wafer are used. In addition, similar to the designs with a concen-
trated suspension architecture [40], concentric rings enable further
reduction of frequency splits induced by Si etching non-uniformity.

Frequency splits are generally different across a wafer, across
the different designs and across the different fabrication runs, rang-
ing from 1.5 Hz to 150 Hz for UCI “in-house” fabricated dynamically
amplified devices. In the following section, the method of electro-
static correction of structural imperfections will be introduced and
utilized to tune the Design I gyroscope prototype, Fig. 7.

In case of a dual-mass gyroscope, the structural symmetry is
defined by a 4 × 4 stiffness matrix, Eq. (5). Imperfections in sus-
pension and mass cause the misalignment of the principal axes of
elasticity [34,35] of both masses, resulting in non-zero off-diagonal
terms of the stiffness matrix and increased coupling between the
drive and sense modes, Figs. 7(b) and 8(b). Fabrication imperfec-
tions of both masses also result in non-equal diagonal terms of the
stiffness matrix, leading to frequency splits between the modes. The
resulting generalized stiffness matrix for the dual-mass system in
presence of imperfections has the structure:⎡

⎢⎢⎢
k11 k12 k13 k14

k12 k22 k23 k24

⎤
⎥⎥⎥
K = ⎢⎣ k13 k23 k33 k34

k14 k24 k34 k44

⎥⎦ , (10)
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Fig. 9. Experimental frequency responses of (a) drive and (b) slave masses were
fitted to the analytical solutions of the dynamic equations in presence of imperfec-
tions.
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here the diagonal terms are:

11 = cos2˛(kx1 + kx2) + sin2˛(ky1 + ky2),

22 = sin2˛(kx1 + kx2) + cos2˛(ky1 + ky2),

33 = cos2
 ̌ ∗ kx2 + sin2

 ̌ ∗ ky2,

44 = sin2
 ̌ ∗ kx2 + cos2

 ̌ ∗ ky2;

he off-diagonal terms are:

12 = 0.5 ∗ sin 2˛(kx1 + kx2 − ky1 − ky2),

34 = 0.5 ∗ sin 2ˇ(kx2 − ky2);

nd the coupling terms are:

13 = −kx2 cos  ̌ ∗ cos  ̨ − ky2 sin  ̌ ∗ sin ˛;

14 = −kx2 sin  ̌ ∗ cos  ̨ + ky2 cos  ̌ ∗ sin ˛;

23 = −kx2 cos  ̌ ∗ sin  ̨ + ky2 sin  ̌ ∗ cos ˛;

24 = −kx2 sin  ̌ ∗ sin  ̨ − ky2 cos  ̌ ∗ cos ˛.

ere  ̨ and  ̌ are the anisoelasticity angles for the inner and outer
asses; kx1 and kx2 are the stiffness coefficients along the X axis

or the inner and the outer mass suspension; ky1 and ky2 are the
tiffness coefficients along the Y axis for the inner and the outer
ass suspension, Fig. 6(b).
Our method for precision electrostatic frequency tuning of the

perational modes is based on estimation of the anisoelasticity
ngles using the experimental frequency responses of the inner
nd outer proof-masses, followed by identification of the tuning
oltages using an analytical solution of the dynamic equations in
resence of imperfections:

M]q̈ + [C]q̇ + ([K] − [Ke])q + [Rc]q̇ = [F], (11)

here ([K] − [Ke]) is the electrostatically modified stiffness matrix.
To identify the anisoelasticity and modes mistuning parameters,

he experimental frequency responses of the drive and slave masses
ere fitted to the analytical solutions of the dynamic Eq. (8) for the
ual-mass system in presence of imperfections, Fig. 9. For one of
he Design I gyroscope prototypes, with a 26 Hz frequency split (�f)
etween the operational modes, the anisoelasticity angles  ̨ = 29◦

nd  ̌ = 26◦ were found. The aniso-elasticity angles  ̨ and  ̌ > 22.5◦

orrespond the principal axes of elasticity closer to the diagonal
lectrodes. Generally, to reduce the voltages necessary for the sub-
equent tuning, the sensor’s wire-bonding is changed, switching
he directions of the drive and tuning electrodes. However, in order
o estimate the tuning capabilities, for the sensor presented in this
aper, the initial wire-bonding scheme was kept.

Next, using the Eq. (11), the terms of the matrix KE for tuning the
iagonal, off-diagonal, and coupling terms of the stiffness matrix
ere analytically identified and the necessary tuning voltages for

he two masses were determined.
Electrostatic tuning matrix has the structure:

e =

⎡
⎢⎢⎢⎢⎣

ke11 ke12 0 0

ke12 ke22 0 0

0 0 ke33 ke34

⎤
⎥⎥⎥⎥⎦ . (12)
0 0 ke34 ke44

Configuration of the drive, the sense, and the tuning electrodes
f a dynamically amplified dual-mass gyroscope is shown in Fig. 10.
Fig. 10. Configuration of drive, sense and tuning electrodes of dynamically amplified
dual-mass gyroscope.

Electrodes X1D, X1S and X2D, X2S are used for drive and/or signal
pick-off along the X-axis for the mass m1 and mass m2, correspond-
ingly. Electrodes Y1D, Y1S and Y2D, Y2S are used for drive and/or
signal pick-off along the Y-axis for the mass m1 and mass m2, corre-
spondingly. Electrodes TX1A, TX1W, TY1A, and TY1W are used for
tuning the off-diagonal stiffness terms corresponding to the mass

m1. Electrodes TX2A, TX2W, TY2A, and TY2W are used for tuning
the off-diagonal stiffness terms corresponding to the mass m2.
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Fig. 12. Freq. response showing tuning of the diagonal terms of stiffness matrix and
reduction of frequency split between modes: (a) simulated and (b) experimental.
ig. 11. Freq. response showing tuning of the off-diagonal terms of stiffness matrix
nd reduction of coupling between modes: (a) simulated and (b) experimental.

The terms of the electrostatic tuning matrix can be represented
s:

e11 = V2
x1 + (cos(�))2T2

1a + (cos (�)2T2
1w;

e12 = cos(�) sin(�)T2
1a − cos(�) sin(�)T2

1w;

e22 = V2
y1 + sin ((�))2T2

1a − sin ((�))2T2
1w;

e33 = V2
x2 + cos ((�))2T2

2a + cos ((�))2T2
2w;

e34 = cos(�) sin(�)T2
2a − cos(�) sin(�)T2

2w;

e44 = V2
y2 + sin ((�))2T2

2a − sin ((�))2T2
2w,

here T1a and T2a are the tuning voltages applied to the mass m1
nd mass m2 along the A-axis; T1w and T2w are the tuning voltages
pplied to the mass m1 and mass m2 along the W-axis; � is an angle
f the off-diagonal tuning electrodes.

The tuning procedure described in this section was  performed
t 0.1 mTorr pressure. Simulated frequency response curves for dif-
erent voltages of the off-diagonal and diagonal tuning are shown
n Figs. 11(a) and 12 (a), correspondingly. For the sensor excitation,
0 V DC voltage and 60 mV  AC voltage were applied to the drive
lectrodes X1D of the inner mass. The DC voltages were applied
o the electrodes (TY2A, TY2W) and (TY1A, TY1W) to modify the
ff-diagonal terms of the stiffness matrix, Fig. 11(b). To compen-
ate for coupling between the modes, the DC voltage of 31 V was
pplied between the electrodes (TY2A, TY2W), while the DC volt-
ge of 24.7 V was applied between the electrodes (Y1A, TY1W). This
esult is in good agreement with the analytically predicted values,
ig. 11(a).

In addition, the DC voltage of 50.7 V was applied to the elec-
rodes Y2D to modify the diagonal terms of the stiffness matrix,
nabling mode matching, Fig. 12(b). The predicted value of the DC
oltage to be applied to these pair of electrodes was 46.1 V, which

s in good agreement with the experiment, Fig. 12(a).

The coupling terms of the stiffness matrix, arising from the
echanical coupling of the two masses, are compensated during

he simultaneous off-diagonal tuning and diagonal tuning.
Fig. 13. Using simultaneous tuning of diagonal, off-diagonal, and coupling terms in
stiffness matrix, the frequency split between the operational modes was reduced
from 26 Hz down to 50 mHz  (experimental result).

During the following steps of higher precision tuning, when
the resonant peaks of the gyroscope were tracked in the nar-
row range of frequencies, operational modes were tuned down
to 50 mHz  using the following DC voltages: TY2A–TY2W = 29.6 V;
TY1A–TY1W = 24.7 V; Y2D = 50.7 V, Fig. 13.

In summary, the tuning procedure involves the following steps:

1. First, the modes mismatch and cross-coupling between modes
are identified by fitting the experimental frequency response
curves to the analytical solutions of the dual-mass system in
presence of imperfections.

2. In the case when the aniso-elasticity angles  ̨ and  ̌ > 22.5◦, the
sensor re-wirebonding is necessary to switch the directions of
the drive and tuning electrodes. Such angle means that the prin-
cipal axes of elasticity are closer to the diagonal electrodes.

3. Tuning DC voltages for modification of the off-diagonal terms
in the stiffness matrix are estimated analytically and the initial
off-diagonal tuning is performed to remove the second (coupled
mode) peak of the amplitude response curve.

4. Tuning DC voltages for modification of the diagonal terms in
the stiffness matrix are estimated analytically and the initial
coarse diagonal tuning is performed to reduce the frequency split
between the operational modes to <3 Hz.

5. Tuning DC voltages for modification of the off-diagonal terms

in the stiffness matrix are estimated again and the off-diagonal
tuning is performed to remove the second (coupled mode) peak
of the amplitude response curve.
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Fig. 15. The angular rate response was  obtained in vacuum at 0.1 �Torr pressure.

Fig. 16. Gyroscope response to sinusoidal input of the rate table, showing 17.5×
higher SF and a stable amplitude after tuning.

Fig. 17. Noise analysis of the gyroscope before and after tuning revealed reduction
in  bias stability, from 25.3◦/h to 1.7◦/h and reduction in ARW, from 1.18◦/

√
h to

0.16◦/
√

h.

Table 2
Experimentally tested parameters of design I gyroscope.

Parameter Before tuning After tuning

Frequency split (�f), Hz 26 <0.05
Quadrature error, dps 521 2.59
ig. 14. System-level schematic of control electronics for gyroscope open-loop
peration.

. Tuning DC voltages for modification of the diagonal terms in the
stiffness matrix are estimated analytically and the fine diagonal
tuning is performed to reduce the frequency split between the
operational modes until the ratio between the second (coupled
mode) peak and the first (drive mode) peak of the amplitude
response curve becomes >0.1 or the modes are matched.

. Steps 5 and 6 are repeated until the minimal frequency split
between the modes is achieved. To achieve high precision, for
the sensor presented in this manuscript, identification of the
necessary tuning voltages has been performed three times for
the off-diagonal tuning and three times for the diagonal tuning.

. Gyroscope angular rate response and noise
haracterization

In order to evaluate the sensor performance before and after
he electrostatic tuning, the dynamic response of the gyroscopes
as obtained. To derive the sensor scale factor, the Ideal Aerosmith

102 Series Two-Axis Position and Rate Table System was  used to
roduce a reference rotation with programmed sinusoidal angular
cceleration. The gyroscope was excited with a constant DC volt-
ge and an AC voltage generated by a Phase Locked Loop (PLL),
ig. 14. A carrier signal �c at frequency of 100 kHz was  applied to
he proof-mass, resulting in the amplitude modulation of the sensor
utput. The output signal was then demodulated to reveal the low
requency changes in capacitance. The amplitude of the drive-mode

otion was stabilized using an Automatic Gain Control (AGC) [41].
ll loops were realized using a Zurich Instruments HF2LI digital

ock-in amplifier.
The tuning procedure, described in Section 4, was repeated in

 low out-gassing vacuum chamber at 0.1 �Torr pressure level,
ig. 15. Gyroscope characterization was performed in an open loop
onfiguration. The response to the sinusoidal input of the rate
able with frequency 1 Hz and 10◦ amplitude is shown in Fig. 16.
he rate table characterization of the sensor before and after the
lectrostatic tuning of the operational modes, showed an increase
n the scale factor by more than an order of magnitude, from
.275 mV/deg/s to 4.82 mV/deg/s.

The Root Allan Variance Analysis (r-AVAR) was  used to exper-
mentally identify the random noise characteristics of the sensor.
oise analysis of the gyroscope, before and after tuning, showed

he reduction in in-run bias stability, from 25.3◦/h to 1.72◦/h and
he reduction in ARW, from 1.18◦/

√
h to 0.16◦/

√
h, Fig. 17.

Experimental testing of the gyroscope, revealed an increased

cale factor, reduced quadrature error, and improved noise
haracteristics after electrostatic compensation for structural
mperfections, Table 2.

Scale factor, mV/dps 0.275 4.82
ARW, ◦/

√
h 1.18 0.16

Bias stability, ◦/h 25.3 1.72
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The sensor presented in this paper is a first demonstration of a
ynamically amplified gyroscope. Optimization of a nominal gap,
ense capacitance, design- and material-limited quality factor are
equired for lower noise. For improved performance, the tuning
lgorithm described in this paper, can be applied to the sensors
ith an optimized design of the structural element and a lower

evel of as-fabricated imperfections.

. Conclusion

Different designs of multi-mass gyroscopes have been exten-
ively studied in literature. Multi-mass dynamically coupled
ystems offer advantages, such as dynamic balance, increased
andwidth, and dynamic amplification. However, the increased
umber of DOF of a mechanical element results in a more complex

orm of the structural stiffness matrix, as compared to a conven-
ional single-mass gyroscope. Hence, more complex techniques
ave to be considered for electrostatic frequency tuning of oper-
tional modes in the case of a non-ideal multi-mass structural
lement.

In this work, a DC tuning technique, similar to a method
ommonly used for tuning a conventional single-mass gyroscope,
as been employed for precision mode-matching of an imperfect
ual-mass sensor. The analytical model of a dual-mass system

n presence of imperfections has been explored and a method of
lectrostatic frequency trimming in a dual-mass gyroscope has
een proposed. The tuning procedure is based on estimation of
he modes mismatch and coupling between the modes, utilizing
he experimental frequency response data. The analytical model
s then used to determine the necessary tuning voltages to permit
he removal of anisoelasticity and the mismatch of principal axes
f stiffness, thus enabling the gyroscope operational modes to be
atched.
Results of simulation were verified using experimental electro-

tatic frequency tuning of a dynamically amplified gyroscope. The
oupling between the drive and sense modes was compensated and
he frequency split between the modes was reduced from 26 Hz
own to 50 mHz, resulting in 17.5× increase in the scale factor of
he gyroscope.

The presented electrostatic compensation method can be used
or off-line tuning of the gyroscope in the laboratory environment.
nce a device is packaged and mounted within the measurement
latform, the identified values of tuning DC voltages can be used
s a starting point for on-line tuning. However, the packaging
tresses often introduce additional frequency splitting and cou-
ling between the operational modes of the sensor. In this case,
he described compensation procedure has to be repeated in real
ime for on-line calibration.

It is important to notice that the analytical model presented
n Section 4 accounts for imperfections in gyroscope’s suspension,
ut does not take into consideration the imperfections of the proof
asses and damping mismatches between the operational modes.

he simplified model was shown to be sufficient for tuning the
odes down to 50 mHz. However, an extended dynamical model
ight be necessary for the ultra-high precision tuning.
Similar to a single-mass device, in a dual-mass dynamically

mplified gyroscope, external vibrations can induce undesirable
isplacements of the proof-masses effecting the mode-tuning
arameters and creating significant bias and scale factor errors.
he gyroscope designs utilizing multiple proof-masses vibrating
n anti-phase and enabling common mode rejection of accelera-

ions might be used to compensate for vibration sensitivity. Such
dea was implemented, for example, in Tuning Fork Gyroscope [2],
uadruple Mass Gyroscope [3], and Dual Foucault Pendulum [1].
uture research directions include the design and development

[

ctuators A 275 (2018) 99–108 107

of a dynamically amplified gyroscope with multiple proof-masses
for improved vibration immunity. In this manuscript, however, we
limited our scope to introduction of an initial prototype of the dual-
mass device and demonstration of the tuning method.
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